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Abstract

In this paper, we shall study solvability and regularity properties of solutions to the system of
equations:

SN ; ; . .
Z aTdE”(:c,Vuth) +g<])(m7ulau2) = f(J)(‘T) inQ, j=1,2,
i=1 @

where €2 is a bounded open set of R™, n > 2.
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1 Introduction

In this paper we prove the existence and regularity properties of solutions of Dirichlet problem for
the following system of equations:

n

(1.1) Z aial(-j)(x,VuhVuz) + gD (@,u1,u2) = f92) inQ, j=1,2,

.
i=1 B

where Q is a bounded open set of R", n > 2. Moreover, n satisfies the following mequahty
1 < p; <n,j=1,2, where p; is connected with the rate of growth of coefficients a< of the
equations with respect to the first-order derivatives of unknown functions w1, ua.

The assumed conditions on coefficients a ) and g (j = 1,2) and known results of the theory of
monotone operators allow us to prove ex1stence of a generalized solution of our Dirichlet problem
(see section 4). Then, we establish a theorem on boundedness of generalized solution of the problem
(see section 6). Section 7 contained results on Holder continuity of generalized solution of the same
Dirichlet problem. The proof is based on the iterating Moser method, suitably modified and applied
in the case of the equations (see, for instance [1], [2]). Finally, in conclusive section we consider an
example fulfilling all our assumptions.

We note that, in non degenerate case, boundedness and regularity of generalized solution for one
second order nonlinear elliptic equation were studied by many authors, see for instance [3] - [5] and
for an elliptic system [6], [7]. Finally, concerning solvability and properties of solutions of nonlinear
equations, in degenerate case, we refer, for instance, to [8, 9, 10] and [11] - [13].

2 Preliminaries

We shall suppose that R™® (n > 2) is n-dimensional euclidian space with elements z = (z1, 2, ..., Tn).
Let © be a bounded open set of R"™. Let p; be a real number such that 1 < p; <mn, j =1,2.

Hypothesis 2.1 Let v; : Q@ — R be a measurable function (j = 1,2) such that

1
1\ 7T
vj € Llloc(Q) ) <7> " € Llloc(Q)'

Vj

We denote by W'%i (v;, Q) (j = 1,2) the set of all functions u € L7 () having, for every i = 1,...,n,
i
e L'(Q). WPi(v;,Q) is a Banach space with

1
)pj

) ( = 1,2), such that

| Ou
al‘i

the weak derivativi ou
81'1‘

respect to the norm

ou

Ox;

n
lull vy = (/ |ul +ZV]

Wi (1;,Q) is the closure of C§°(Q) in WP (v, ().

1
We assume that there exists a number ¢; > max ( ° T
pi’ pj—

— e LY (Q).

Vj

np;

——J ____ Then, we have that Wi (v;,Q) C LP () and there
n—pj+n/t

For every j = 1,2, we set p; =
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exists ¢; > 0 depending only on n, p;, t; such that for every u € Wi (v, Q)

e (L) <o { G ) L Sl

In this connection see for instance [14], [9] and [10].

Ou |P

}1/pj

3 Statement of the Problem

Let, for every ¢ = 1,...,n, j = 1,2, a : 2 X R" x R" — R, be Carathéodory functions. There
exist co > 0, a = 1,2, -9, D; € (0 pj) j = 1,2, such that, for almost every z € Q and every n",

77(2) € R™ the next inequalities hold:

n

3 1 Za 1) z,m (2)) €)) > 611/1 Z ‘77 |p1 _ CQ[VQ(ZE)]ﬁ2/p2 Z ‘77§2> |527
i=1

3 2 Za@) z,n (2)) (2) > C4V2 Z ‘771(2)|p2 _ Cs[V1 )]ﬁl/pl Z ‘n§1)|517
i=1

Z[m (@)™ (@ ™ )/ @D <

(3.3)
{ Z |m(1)|p1 V2 a:) Pz/m Z |m(2)|pz + 1}
1=1
Z[v (@) V]al (@, @) #20 <
(3.4)

n n
cs {w(z) ST PP+ @S IV + 1} :
=1

=1

Moreover, we shall assume that for almost every x € 2 and every 77(1), 77<2), ﬁm, ﬁm e R",

n

> 10 @™ n®) = alV (2,70, 70 - 7))+

i=1
+Z[a< Y™ n®) = a? (@70 70 = 7) > 0.

Let o1 € (0,p1), o2 € (0,p2). Let for every j = 1,2, g¥) : @ x R x R — R be a Carathéodory
function. We shall suppose that for almost every = € 2 and every ui,uz € R,

(36)  g"(z,0,0)=0, ¢?(x,0,0) =0,
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(3.7) \g(1>(x,u17u2)|"1/<p1’1> 4 |g(2)(:c,u1,u2)|”2/<p2’1> < es(Jur]P* + |uz|P? + 1),
(3.8)  gW(w,ur,uz)ur = —colusl”?,

(3.9) P (@, u1,uz)us > —colua|7.

Finally, we shall assume that for almost every x € Q and every u1, u2, u}, us € R,

[g(l)(‘rv U1, UQ) - g(l) ('I:7 u’ly UIQ)](U‘I - u’l)+

(3.10) . .
+[g< )(x, U1, u2) — g( >(m,u'1,u/2)](u2 —ub) > 0.
Fix f; € LPi/®Pi=D(Q), j =1,2.

Definition 3.1 We shall say tohat a pair (u1, 1012) is a generalized solution of the Dirichlet problem
for system (1.1), if (u1,u2) € WHP (v, Q) x WHP2 (12, Q) and

Z / {Za(ﬂ) (x Vul,Vug)g J (a: U1, U2)V }dx— Z /f]v]dx

Jj=12 j=1,2
for every (vi,v2) € WHPL (11, Q) x W22 (1, Q).

4 Existence of Solutions

We shall prove the following

Theorem 4.1 Under the above-stated assumptions on the function alw, g(j) and f; and Hypothesis

2.1 there exists a generalized solution of the Dirichlet problem for system (1.1).

Proof: Define the operator A : Wt (11, Q) x W'P2 (g, Q) — (WP (11, Q) x WHP2 (g, Q))* by

Ov;
(A(ui,u2), (v1,v2)) Z/{Za(]) z, Vul,VuQ)a + (])(x,u1,u2)vj}da:.

Jj=1,2

Due to (3.3), (3.4) and (3.7) we have that the operator A is well defined, bounded and, moreover, is
demicontinuous. By (3.5) and (3.10) we have that A is monotone. From (3.6) and (3.10) it follows
that for almost every x € Q and every ui,uz € R,

9 (@, u1, u2)us + ¢ (@, w1, us)uz > 0.

Next, taking into account that for arbitrary fixed (u1, 'LLQ) € WP (11, Q) x WHP2 (1, Q), we have
(Alur, u2), (ur, u2)) 2 5 Duallf, 0, H 2|17, ., — cromeas(,

where positive constant ciop depends only on known paraumeters7 then, we can conclude that the
operator A is coercive.

Now, define the operator F : WP (11, Q) x W72 (15,Q) — R by

(F, (v1,v2)) (fiv1 + fav2)d

:O

We have that F € (W't (11, Q) x WHP2 (g, Q))*.

Then, from well-known results of the theory of monotone operators (see for instance [15]), there
exists (u1,usz) € Wl’pl(ul,Q) x W2 (v2, Q) such that A(ui,uz) = F. Therefore, the pair (u1,us2)
is a generalized solution of the Dirichlet problem for system (1.1).
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5 Auxiliary Results
Let h € C*°(R) be a non-decreasing function, such that A =0 on | — 00,0] and h =1 on [1, 4+o0[.

We set
51 = max ‘h/‘
R

Let for every s € N, hs : R — R be the function such that
hs(n) =n+(s+1-nh(n—s)—(s+1+nh(-n—-s), nekR
We have {hs} C C*°(R), and for every s € N the following property hold:
hs(m)=mn if Inl<s

hs(n)=—-s—1 if n<-s—1

hs(my=s+1 if n>s+1.

Moreover, for every s € N and n € R, we have

|hs(m)] < 2|nl,
(5.1) 0<hi(m) <ér,  Inlhs(n) < 26 |hs(n).
By di, i = 1,2, ...., we shall denote positive constants which depend only on n,pj;, p;, c1, ¢z, ...., o,

¢1,¢; and on meas() (j =1,2).
6 Boundedness of Solutions

To achieve boundedness of generalized solution of (1.1) we need the following
Hypothesis 6.1 Let the following conditions be satisfied:
ntj

fi[Pi/®i=) € L7i(Q) with 7; > —2— (j = 1,2),
|£3] @) i pjtjfn( )

(L) e
n  t1) n(l+t2) — pata’
We shall prove the following

Theorem 6.2 Let Hypotheses 2.1 and 6.1 hold. Let a pair (u1,u2) be a generalized solution of the
Dirichlet problem for system (1.1). Then ui, uz € L ().

Proof:

Define

n

p1=1+ |f1|p1/<p171> + u2|”? + ng/Pz Z

i=1
. ( P2 132)
t=min|(7,—,— |.
Py 02

P2

Ouz
8:762-

)
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We have that @1 € L(Q2) and t > nt1/(pit1 — n).

Let s € N and r» > 0. Set
v = U1[1 =+ h?(ul)]T,

w1 = [14h2(u)]” + 2r[1 + h2(u1)]"  hs(ur) A, (w1 )us .

By (5.1) the function v; € Wwhe (11,9Q) and, for every i = 1,2, ...n,
81}1 8U1

= w1 a.e. in Q.

Choosing (v1,0) as test function, we have

/{Zaﬁl)(LVul,Vug)gulwl —i—g(l)(x,ul,ug)vl}dm:/flvldx.
2 Li=1 i Q

Note that [14 h2(u1)]” < w1 < (14 4é7)[1 4 h2(u1)]” in Q, then due to (3.1)

n
Cl/ 141 E
Q=1

p1
1+ h2(w)]) de + / g (@, 1, ug)vrda <

Our
alii Q

(6'1) s P2
| [14hZ(w)] dx + / fivrda.
83:1- 0

n
§02(1+461r)/ 1/52/1’22
Q2 i=1

From (3.8) it follows that

(6.2) —Cg/ |u2|°2[1—|—h§(u1)rdw§/g<1)(x7u1,uz)vldm
Q Q

and from the definition of the function v; and Young inequality we obtain that

(6.3) / frovde < / [APY P 4 g [P )[1+ 2 ()] de.

From (6.1)-(6.3) it follows that

n
/ =
2 =1

Last inequality implies that

n
=

a P1
a%l [1+ h2(u1)]"dz < di (1 +7) / (1 — 1+ |ua[P][L + k2 (u1)] dz.
i Q

6u1
81’7;

pP1
1+ h2(w)]"de <

(6.4)
<di(1+7) / o1 + lua | ][1 + h2(ur)]"dz
Q
for every » > 0 and a1 > p1.

Vs €N, r >0, let
() =1 +/[¢1 + |1 + B2 ()] da.
Q
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It results
~ (t—1)/t
TS(T’) < 1 -|—/ |’L~Ll|al dr + H(PlHLt(Q) (/ (U~)1 + 1)p1dl‘> ,
Q Q

where
i = ur[1+ A2 (u1)]"/ "1,

=1+ h?(ul)}rt/[ﬁl(t_l)] —1.

Now, if we take a1 such that p; < a1 < p1, from last inequality we have

_ a1/p1 3 )
Ts(r) <1+ </ |ay [P d:c) (meas()Pr—1)/P1
Q

_ ~ (t—1)/t }
+||9"1||Lt(9)2p1(t71)/t </ Wfldx) + ||901||Lt(Q>2p1(tfl)/t(measﬂ)(tfl)/t.
Q

From (2.1) last inequality gives

U a1/p1
Ts(r)<d2+d3< P dx> +
(6.5)
V 8 |P p1(t—1)/p1t
! Ox; ’

For every ¢ = 1,2, ..., n, easy computations 1mply:

afal 2 r/a aul
. < Hl—=—
60 52| <dstr n |5
67) ‘8101 < dgr[1 + h2(uy )]/ P11 our |
i 8371
From (6.5)-(6.7) 5 a1/p1
To(r) < do + dr(r + 1) < n “1 [1 + h? (ul)]“pl)/“ldx) +
(6.8)
P p1(t—1)/p1t
+dgrPr =11/t < v % [ Jrh?(ul)](mlf)/[ﬁl(t1)]dx> )
We set

p1 pit
From Hoélder inequality and (6.8), Vs € N, r > 0, we obtain:

To(r) < dz + do(r + 1) </V12’8u1

where the positive constant dg depends on known parameters and the ||u1]

© = min (ﬂ, M) ©>1).

e
1+ h?(m)l”edw) ,

Lpi,vy-

Choosing r = 7/© in (6.4), from last inequality we have

(6.9) Te(r) < dio(r 4+ 1) [Tu(r/©)]®, Vr > 0.
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Let us introduce a sequence {p;} such that

p; = beI Tt Vj € No,

where b = %min <ﬁ1 — a1, @) .

We have %] = pj—1 and so, due to such and (6.9)

Tu(p;) < dio(1+ pj)*** [Te(pj—1)]°

Recursion relation and the inequality

Ts(po) < di1 + di2 |U1|51d$
Q

allow to conclude that Vj =1,2,...,
;
Ts(p;) < d:(?s

where di3 depends on known parameters, ||p1]|1¢(q) and the [[ur||1,py,0,-

Now, noting that hs(u) — u as s — oo, from definition of Ts(r) and Fatou’s lemma, it follows
B
[l < g + 2y j=12,..,
Q

and so u1 € L*(Q).

Analogous property we establish for the function uz(z), using considerations which are similar to
the above given.

Theorem is so proved.

7 Regularity of Solutions

We shall prove the Holder property of generalized solutions of (1.1) estimating Holder’s constant
for an interior region of domain €.

We need the following

Hypothesis 7.1 For every j = 1,2, there exists a number ¢; > p:in such that [v;(z)]% € Aty
753
(Muckenhoupt’s class) with 0 < p; < n/(p;t; — n).

For every y € R™ and p > 0 we denote
B(y,p) ={z €R": |z —y| <p}.

Remark 7.2 Due to Hypothesis 7.1, there exists a positive constant ¢ such that for every j = 1,2,
every y € Q and p > 0 with B(y, p) C £ the following inequality hold:

I\ 1/t; - 1/%;
{pn/ (—) } {p"/ Z/j’dx} <ec.
B(y,p) \Vi B(y,p)

Remark 7.3 Tt may be useful to note that if v;(x) € A1y, then [v;(z)]” € A1y, for some 7 > 1.
So, if 7 > nt;/(pjt; — n) it will be sufficient to assume v;(z) € A14y;.
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Now, we can formulate the main result of this section:

Theorem 7.4 Let the assumptions of Theorem 6.2 and Hypothesis 7.1 be satisfied. Let a pair
(u1,u2) be a generalized solution of the Dirichlet problem for system (1.1). Then there exist positive
constants C',C" and o',0" (< 1) such that for every open set ', QO C Q and every z,y € ',

u(z) — wa(y)| < C'[d(Q, Q)7 o —y|”,
ua(z) — u2(y)| < C"[d(Q, Q)] |z —y|” .
proof.
By virtue of Theorem 6.2 we have ui,us € L>(92). Denote

M; = ||ui||poo (), © = 1,2,

1 _
a = — ( 1 — o ﬁ), where t, = min{n,tl, {2}
D1 e 4 Dy

Let’s fix y € Q, p > 0 and B(y,2p) C Q. Let’s put:

wi =ess inf wi, w2 =ess sup ui, wW=w2—wi
B(y,2p) B(y,2p)

We shall show that:
(7.1)  osc{u1, B(y,p)} < xaw + p*,
with x1 €]0, 1].
Obviously we will assume that
w > p®  (otherwise it is clear that (7.1) is true).

Let G1 : Q — R be the functions such that
2ew
Gi=————— in B(y,2 G1=c¢, in Q\ B(y, 2p).
LS T g e 2 BW20), Gu=e, in QA Bly, 2p)

It results G; > e in €.

Let o € C5°(2): 0
Vel

<1inQ, ¢ =01in Q\ B(y,2p) and

<
< in Q.

AR

Let us fix r > 0 and s > p;. We set
v = (1gG1) "GP 1%,

1 T— T S
— 5o r18G) " + (1 = 1)(18G1)IGT ¢

We note that v; € WPt (v1,9) and, Vi = 1,2, ...,n, the next inequality is true:

zZ1 =

81)1 8u1

<esp '(1gG1) "GP 'p* ! ae. in B(y,2p).

Since (u1,us2) is a generalized solution of (1.1), choosing (v1,0) as test function we obtain

/{Za§l)(m,Vu1,Vu2)gvl +g(1)(m7u1,uz)v1}d:c=/flvldx.
o (= €z Q

i
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Hence

“ o}
/ 3 {a§1><w, Vi, Vuz) S } (—z1)dz < / £+ 190 (2, un, ) Jor da+
Q L Q

1=
Z 1 (9 8U
/ |a( ) "I" ; ui, ; 'LL2)| a 8"[;1 dl‘

Taking into account that
(2ew) " (p1 = 118 G1) G 9" < =21 < (2ew) (1 +7) (18 G1) G ",
from (3.1), last inequality implies

(p1 — 1)01 - 8u1 P
2ew o n ; Ox;

cap1(l+7) .

e P1 S <
(IgG1)" G ¢’dx < %60

(7.3)
3012 gy apgtan + [ 11+ 160 @ w4 1
where
I—/Z|a( ) z, Vui, Vuz)| %— 131;:1 dx.

Now we shall obtain estimates for the addends in the right-hand side of inequality (7.3).
Using definition of G1, we get

P2 /p2

P2
9us 1™ (1 G1) GP p*dr <

(7.4) Sus |

1 T 5% p Pl g
. G1)'¢°p dax

(2ew)? / P2/P2Z

i=1

Moreover, due to (3.7)

/Hf1| + ‘9<1>($,U1,U2)Hv1d:ﬂ <
Q

(7.5)

< (ea +1)(2ew)™ " (MP' + ME® + 1)(diam® + 1) / (1+ 1A (g G) " p 1P da.
Q

Inequalities (7.3)-(7.5) imply

—1)c a
(P —Da / »
2ew B(y,2p) 1

1=

aul P1
Bm

(IgG1) G o da < B(2ew)” (1 4 1)-

8UQ P2
8:ri

where 51 > 0 depends only on p1, p2, c2, c3, M1, M2 and diam ).

}(1gG1)Ts05dw+ 1,

/ p P {1+|f1|+y2(w)102/p22
B(y,2p)

i=1

10
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Let us estimate I. Due to (7.2) we have

81)1 8u1
z

8951- ! 8$1

(7.7) |a{” (z, Vur, Vup)| < \ai”(x,wl,wm%ag G1) Gy !

a.e. in €.
Let € > 0. Then, with the use of Young inequality for every = € Q : p(z) # 0 we obtain
|a£1)(m, Vuu, Vu2)|Esp*1(lgGl)rGinfl(psfl _

Gt
(2ew)Pr—1

(2ew)P T (1g G1)"p° <

_ - —(p1— 1 _
— {e(m 1)/1011,1 l/pl\agl)(x,Vul,Vuzﬂ e (1 1)/“1/11/1)168;@0 1}.

(7.8)

G! - _ o —
(2ew)Pr +e Pu(es)p My pl}'

(2ew)™ (18 G1) "

< {eul‘l/(“‘”\aﬁ”(xﬂul,VuQ)V“/(pl*”

From (7.7) and (7.8) we have

€ -1 -1 = 1 —
IS%/Q% /(1 );mg)(:c,Vul,VuQﬂm/(m 1)G§’1(lgG1)T<psdx+

(7.9)

+¢' 7P (2ew)Pr " In(Es)P? / o Py (z)(lg Gh) 9 Plda.
Q

On the other hand, (3.3) implies

Z Vl—l/(Pl—l) |a§1) (x7 Vui, Vug) ‘pl/(m -1) <
i=1

(7.10)

n

+ [1/2}52/172 Z

i=1

Ouz
Bmi

n
aul p1
<o {33
i=1

P2
+1

a.e. in €.

Then, using (7.9) and (7.10) we obtain

n

(9114
Bxi

€Ct
< — 141

p1
< G (lg Gh) " da+
2ew B(y,2p) i=1 !

(7.11)

—l—(Qew)pl_lﬁzspl(e—i-el_pl)/ Uy (lg G1)" ¢ Pldz,

B(y,2p)

11
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P2
b

Due to Hypotheses 6.1, 7.1 it is convenient to observe that ¥y € L**(Q) and ¢, > —2X

pit1—n’

where
n

Uy = p Ply, 4 p 9P {1 + |f1] Jrl/gz/pz Z

=1

Ouz
8$i

and the positive constant 82 depends only on n, p1,cr and diam 2.

From (7.6) and (7.11), we establish that

-1 n
e
2ew B(y,2p) =1

< 61(26w)p1_1(1+7")/ Uy (lg Gh) " Prda+

P1

Our | (1g G ) G dr <

Baci

B(y,2p)
n o P1 . s
L1 V1 “ (lgG1)" G °da+
2ew B(y,2p) o1 81’1

—l—(Qew)pl_lﬁzspl(e—i-el_pl)/ Uy (lg G1) ¢ Prdx.
B(y,2p)

-1

Setting € = %, from the last inequality we get
7
n
aul = r s
vy (IgG1) "GP p®dx <

/B(yﬂp) 1221 O

(7.12)

< (2ew)PtB3sPr(r +1) / Uy (lg Gh) " Pld,

B(y,2p)

where the positive constant 83 depends only on n, p1,p2,c1, c2, cr,diamS), and M;, Mo.

Now, if we assume that ¢ = 1 in B(y, %p), from (7.12), with r = 0 and s = p1 + 1, we have

n

(7.13) / ny
B(y,3p)

i=1

p1

811/1
aZCi

Gtdz < (2ew)?* Bs(p1 + 1)P* / Uydz.

B(y,2p)

If we take in (7.12) instead of ¢ the function 1 € C5°(2) such that: 0 < 1 <1in Q, p1 =1in
B(y,p), 1 =01in Q\ B(y, 3p) and [V:1| < ¢ in Q, we obtain for every r > 0 and s > pu,

n

/B(y,2p) " Z

=1

p1

OuL ™ (g 1) P i da <

833’1'

(7.14)
< (2ew)Pt BgsP (r + 1) / U1 (lg G1) o] P da.

B(y,2p)
We set )
p1(tx — ty
_ P ) P

plt* ’ t* — 1’

and for every r,s > 0 we define

I(r,s) = / (Ig G1)"pidz.
B(y,2p)

12



Bonafede; BIMCS, 18(5), 1-18, 2016; Article no.BJMCS.28702

We define z = (Ig Gl)""/h ‘Pi/ﬁl-

We observe that z € Wh?! (v1,9) and, for every i =1,2,...,n,

r o\P1
/ 1 dr < (—) / n
Q 2ew B(y,2p)

n

p1 p1

Ouy (g Gl)Tm/zH G S0;1}1/151 da+

833’1'

(7.15)

+(es)™ / p P v (lg Gh) PPl PO TIR gg
B(y,2p)

Using (7.14), (7.15) and taking into account that ¥; € L'* (), we obtain that for every i = 1,2, ..., n,

[l via) ()

T
where the positive constant 84 depends only on n, p1,t1,c1,ce, c7, ¢, diamS), and M;, Ma.

p1

dr < B4 (7,_1_ 1)p1+1 (/
B

(y,2p)

Last inequality, definition of I(r, s) and (2.1) give

I(r,s) < BssPt(1 + r)Pr/P0)E1+1),

(7.16)

1 t1 1/t1 1/t p1/p1 ,
=) dz / Ui da (52w,
[/B(y,Qp) (Vl) ] |: B(y,2p) ! [ (9 0 )]

where the positive constant 85 depends only on n,p1,t1,c1,ce, c7, ¢1, ¢, diam§2, and My, Mo.

We denote by ~(uz, f1) the norm of function

n

RNz

i=1

P2

Ouz
8:&

in L™ (Q). Then, we have

1/t 1/t
(7.17) (/ wi d:r) <p P (/ Vf*dx) +p” Py (ug, f1).
B(y,2p) B(y,2p)

Using (7.17) and Remark 7.2, we obtain

I\ 1/t
/ ( ) de / U dx
B(y,2p) \V1 B(y,2p)

1/t,
<

< CQ(H/t1+n/t*)(Xn + 1)p(7p1+n/t*+n/t1) + pialpl’y(u2,fl)Hl/VIHLtl(Q),

where Yy, is the measure of the unit ball in R™.

Due to the definition of a1, last inequality implies

1 t1 1/t1
(7.18) / (—) dx / Wlrdx
B(y,2p) \V1 B(y,2p)

1ty
< Bﬁp(—P1+n/t*+n/t1)’

13
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where the positive constant 8 depends only on n,pi1,t1,tx, y(u2, f1), [[1/v1]|p41 (@) and xn.

Note that due to definition of 1 and 6 we have

(7.19) (pl - 2) DL _ o - 1).

te 1) M
From (7.16), (7.18) and (7.19) we get

(7.20) I(r,5) < Brlr+9)™p OV [1 (7,2 - m)]g,

0’6
where
Br = 55/351/171 mi = 2p1 (pl + 1) )
P1
Now we set for j =0,1,2,...
ry = AP1_gs gt .

Th+l YT
Then by (7.20), it’s trivial to establish the following iterative relation:

I(r, ;) < BrBst’™ p~ ™"V [I(rj_1,5;-1)]", for everyj € No,
where the positive constant 8s depends only on n,pi,t1 and t,.
Using this recurrent relation, we obtain that for every j € N
(7.21) 1(r5,55) < [Bop™"T(ro,50)] ",
where the positive constant B9 depends only on n,p1,ci,ce,c7, ¢, ¢1,¢C, t1, ty, diamS,
My, Mz, (uz, f1), ||1/V1||Lt1(n) and xn .
We note that due to Hypothesis 2.1, ro > 1.

Now let us estimate (7o, so). To this aim, we assume that

(7.22) meas {33 €B (% gp) sur(z) > %} > % measB (y, gp) .

According to lemma 4 of [1], we deduce

T n 510/? ”
(lgG1)"dx < frop”™ + 5—
/B(yygfﬂ 2ew B(y,3p) ;

where (10 depends only on n,p; and t;.

8U1

ax. (lg Gl)T071G1dJ§,

By means of Young inequality and last inequality we get

. n (Bop\" -
(7.23) / (lgG1)" dx < rofrop™ + (
B(y,3p) 2ew B(y.3p) Z

=1

8u1
(’)mi

)
} Gi%dz.

Using Holder inequality and (7.13), we obtain

14
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n 70
/ {Z } G%dz <
B(y,%p) i=1
1\4 1/(t1+1) t1/(t1+1)
< Bi1(2ew)™ / (—) dx / Uy dx ,
B(y,2p) \V1 B(y,2p)

where the positive constant $11 depends only on n, p1, p2, c1, 2, ¢7, t1,diam§2, and My , Ms.

8U1
aZEi

(7.24)

From (7.18) we get

1\" 1/(t1+1) t1/(t1+1)
(7.25) / (*) dx / \I’ldl' S ,312/)”77'07
B(y,2p) \V1 B(y,2p)

where the positive constant $12 depends only on n, p1,t1,ts, y(uz, f1), [|1/v1]| 141 (o) and Xn.

Finally, due to the definitions of the integrals I(r, s) and properties of the function ¢; we have
I(ro, 50) < / (I G1 )" da.
B(y,5p)

From (7.23)-(7.25) and last inequality it follows that

I(ro,s0) < Buzp”,
where the positive constant S13 depends only on n, p1,t1, t«, M1, M2, c1, 2, c7, ¢, v(u2, f1),
Hl/’/lHLfl(Q) and Xn.
Last inequality and (7.21) imply

I(rj,s5) < [59,313]6j, for every j € N.

Then, we can conclude that
ess sup Gi(z) < (1+ BoBis)

B(y,p)
and, so,
osc{us, By, p)} < (1— P00 1 g,
Recall that we proved (7.1) under assumption (7.22). If (7.22) is not true, we take instead of G
the function Go = Zew in B(y,2p) and, G2 = e, in Q\ B(y,2p), and arguing as above, we

wa—u1+p®1

establish (7.1) again.

Now from (7.1), taking into account Lemma 4.8 of [3], Chapter 2, we deduce that there exist positive
constants C’ and o’(< 1) depending on known values such that

osc{u1, By, p)} < C'[d(y, GQ)]_U/p”l, for every p €]0, d(y, 0Q)].
Thus, for every open set ', ' C Q, and every z’,2” € 0,
[u(a’) = u(a")| < C'[A(, Q)] 2’ —a"|"".

Analogous property we establish for the function w2 using considerations which are similar to the
above given.

In this way we achieved the Holder continuity of generalized solution (u1,us2) for the Dirichlet
problem of system (1.1) in the interior of Q.

15
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8 An Example

First of the all, we consider an example of the functions aij), g9, i=1,2,..,n, j = 1,2, satisfying
conditions of Section 3. Let p; € R (j =1,2), n € N, n > 3, such that 2 < p; < n.

Let k£ > 0, and let for every i = 1,2,...,n, Agl), A§2>, AZ(.3), A§4> be functions on €2 such that

81  0<AY <k,
(8.2) 1AP)| < kwl/Prylee,
(8.3) \A£3)| < ]Wll/zoll/;/m7
(8.4) 0< A§4>) < kyg/m,

(85) (47 +A7) <44V Al

in Q.

Let for every i = 1,2, ...,n, and every z € Q, nV, n® e R",

af (@0 @) = @)Y+ AP @l + AP @

k3

al? (z,n",n®) = va(2) > 1720 + AP (@)l + ALY ()0,

2 2

Define

_ D2 _ P1
8.6 = Py = .
(8.6) Py prop L el

Since p; > 2, j = 1,2, we have p; € (0,p;), j = 1,2.
From (8.1)-(8.4) it follows that the functions alw satisfy inequalities (3.1)-(3.4) with some positive
constants co, « = 1,2,4,5,7,8, depending only on n, p1, p2, k.

)

Moreover, from (8.5) it follows that the functions a;’’ satisfy inequality (3.5).

Now let b1, ba, bs, ba be numbers such that b1, bs > 0 and (b2 erg,)2 < 4b1by, and let for every x € Q2
and every ui,uz2 € R,

9(1)(%“1: ug) = |U1|p1_2U1 + biu1 + baua,

9P (2, u1,u2) = |u2|P2 " 2us + baur + baus.

It easy to check that the functions ¢ satisfy equality (3.6) and inequality (3.7) with a positive
constant cs depending only on p1, p2 and by, b, bs, bs. Moreover, the function ¢! satisfies inequality
(3.8) with o2 = 2 and co = b2 /b1, and the function g® satisfies inequality (3.9) with o1 = 2 and
c6 = b3 /bs. These functions satisfy inequality (3.10) as well.

Now, we give an example where Hypotheses 2.1, 6.1 and 7.1 are satisfied.
Suppose for simplicity that 0 € 92 and, additionally, we assume that
j=1,2).

p] 27

16
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n p;—mn/2 G

Let 0 < v < = , (1 =1,2), and let for every j = 1,2 the function v; : Q@ — R be defined
23n/2 —p,;

by
vj(x) = [z,
For every j = 1,2, let t; be such that

<tj<1+i_.

295

It results = <t; < -, then the function v;(z) (j = 1,2), satisfies the Hypothesis 2.1. Moreover,
J J
it easy to verify that

_n
pj —n/2

2 .
‘I| e A1+tjl—1
then, Hypothesis 7.1 holds with ¢; =2, (j = 1,2).

Finally, if the number p; (j = 1, 2) is such that p; > 6 then conditions of Hypothesis 6.1 are satisfied
with o2 = 2 and p,, j = 1,2, defined by (8.6).

9 Conclusion

In this paper, we have studied solvability and regularity properties of solutions to the system of
equations:

"8 . ) ) )
Z %U/E]>($7VU1,VUQ) + g9 (z,ur,u2) = fP(z) nQ, j=1,2,
i=1 "

where  is a bounded open set of R™ n > 2. In particular, we have obtained that any solutions
is locally Holder continuous in 2. We observe that this could be the first step to getting Holder
regularity up to the boundary of €.
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