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Abstract

S.D. Berman and P. Charpin characterized the Reed-Muller codes over the binary field or over
an arbitrary prime field as the powers of the radical in a modular group algebra. We present a
new proof of this famous theorem. Furthermore, the same method is used for the study of the
Generalized Reed-Muller codes over a non prime field.
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1 Introduction

Berman [1] showed that the binary Reed-Muller codes may be identified with the powers of the
radical in the group algebra over the two elements field [F2 of an elementary abelian 2-group. Charpin
[2] gave a generalization of Berman’s result for Reed-Muller codes over a prime field. Many authors

*Corresponding author: E-mail: harinaivo.andriatahiny @univ-antananarivo.mg,
hariandriatahiny@gmail. com;


www.sciencedomain.org
http://www.sciencedomain.org/review-history/16173

Andriatahiny; BJMCS, 18(5), 1-14, 2016; Article no.BJMCS.26735

explored Berman’s idea and gave another proofs of Berman’s theorem (see [3],[4],[5],[6]). Recently,
Tumaikin [7],[8] studied the connections between Basic Reed-Muller codes and the radical powers
of the modular group algebra F,[H| where H is a multiplicative group isomorphic to the additive
group of the field F,; of order ¢ = p” where p is a prime number and r is an integer. The index of
nilpotency of the radical of Fq[H] is r(p — 1) + 1.

This paper presents an elementary proof of Berman and Charpin’s characterization of the Reed-
Muller codes by using a polynomial approach as in [9].

The quotient ring Fp[X1,..., Xmn] / (XP —1,...,XE —1) where m > 1 is an integer is used to
represent the ambient space of the codes. It is isomorphic to the group algebra F,[Fpm]| used by P.
Charpin. We utilize some properties of a linear basis of the ambient space.

We study also the case of the Generalized Reed-Muller (GRM) codes over a non prime field F,
(with r > 1). We consider the quotient ring

A=F[X1,..., Xm] / (XI—1,..., X% —1).

A is a modular algebra and the index of nilpotency of the radical M of A is m(¢ — 1) + 1. Thus
there are m(q — 1) + 1 non-zero powers of M (with M° = A). Tt is well-known that there are also
m(q — 1) + 1 non-zero Reed-Muller codes of length ¢™ over Fy. The main result is Theorem 3.6
which gives the GRM codes over a non prime field F, which are radical powers of A. We show that
except for M°, M and M™@~V none of the radical powers of A is a GRM code over the non prime
field Fy.

2 Definitions and Basic Properties

2.1 Definitions

Let ¢ = p" with p a prime number and r > 1 an integer. We consider the finite field F, of order q.
Let P(m,q) be the vector space of the reduced polynomials in m variables over Fy:

q—1 q—1
P(m,q) = {P(Yh--wym) =D > Y ey, € F} (2.1)

i1=0  im=0
The polynomial functions from (IF,)™ to F, are given by the polynomials of P(m, q).

Let v be an integer such that 0 < v < m(q — 1). Consider the subspace of P(m,q) defined by

P,(m,q) == {PY1,...,Ym) € P(m,q) | deg(P(Y1,...,Ym)) < v}

where deg(P(Y1,...,Ym)) is the total degree of P(Y1,...,Ym).
Consider the ideal I = (X{ —1,..., X% — 1) of the ring Fq[X1, ..., Xm].
Set x1 =X1+4+1,...,2m = Xy + 1. Then
a1 a-l . .
A= {Z Z ailwimlel .'E:;Ln iy ..y EFq} (22)
11=0 im =0
Let us fix an order on the set of monomials

{wllxm |0§il7...,im§q—1}.
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Then we have the following important remark:

Remark 2.1. Each element Zgl;lo e 23;1:0 ail,_,immil ...z'm of A can be identified with the

vector (@iy...ip, )0<is,...,im<q—1 Of (F,)?" and vice-versa. Hence the modular algebra A is identified

m

with (Fq)?
Let a be a primitive element of the finite field Fy. It is clear that F, = {0,1,a,0”, ..., 047 ?}.

Set .
Bo=0 and Bi=a"' for 1<i<qg-—1. (2.3)

When considering P(m, q) and A as vector spaces over F,, we have the following isomorphism:
¢: P(m,q) — A
o = . ; (2.4)
P(Y1,...,Ym) — > o > P(Biy, ..., B )att 2y
i1=0  im=0

We give the definition of the Generalized Reed-Muller codes as formulated in [10] and [11].

Definition 2.1. The Generalized Reed-Muller code of length ¢™ and of order v (0 < v < m(¢g—1))
over F, is defined by

Cu(m, q) == {(P(Bir;s s Bim))o<is,sim<a—1 | P(Y1,...,Ym) € Pu(m,q)}. (2.5)

It is a subspace of (F q)qm and we have the following ascending sequence:

m

{0} C C()(m, Q) C Cl(m7 Q) c---C Cm(qfl)fl(qu) - C’m(qfl)(ma Q) = (FQ)LI (26)

2.2 Some properties of the ambient space

The ambient space A is a local ring with maximal ideal M which is the radical of A, i.e. M =
Rad(A).

Let d be an integer such that 0 < d < m(q — 1). Consider the powers M¢ of M. A linear basis of
M? over F, is

By = {(gc1 S @ = 1) |0 < iny e yim < g —1yi1 et im zd} (2.7)
We have the following ascending sequence of ideals:
{0y = MmO ey c.ocMPcMc A (2.8)
We need the following notation:

Notation 2.1. Set [0,¢ — 1] ={0,1,2,...,q — 1},
1= (il,. .. 7'Lm) S ([an - 1])”77«,
ll :7,1++Zm,

J<iif i <ip foralll =1,2,...,m where j := (j1,...,Jm) € ([0, — 1])™,
z:=(1,...,Tm),
= a.

Consider the polynomial

Bi(z) := (z1 — 1) ... (zm — 1)"™. (2.9)
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Proposition 2.1. Considering the sequences (2.6)and (2.8), we have

dimg, (M) = dims, (Cyn(g—1)-a(m. q))
for 0 < d < m(q— 1) where dimg, (M?) is the dimension of the vector space M over F,.

Proof. Consider the set E := {i € ([0,q — 1])™ | |4 > d}.

Since By = {Bj(z) | |i| > d} is a basis of M*, then dimg, (M%) = Card(E) where Card(E) denotes
the number of elements in the set E.

Consider the set F := {i € ([0, — 1])™ | |¢i| < m(¢—1) —d}.
We have dimg, (Cp(q—1)—a(m, q)) = dimr, (Prg—-1)—a(m, q)) = Card(F).

The mapping
0:([0,q—1])" —
(il,...,im) —>

is a bijection and the inverse mapping is #~* = 6.

Let ¢ € E. Then |i| > d, and |0(2)] = m(q¢—1) — |i] <m(¢—1) —d. Hence 6(z) € F'. And it follows
that O(E) C F.

Conversely, let ¢ € F. Then |i| < m(¢—1) —d, and |6(2)] = m(qg — 1) — |i] > d. So 0(i) € E. Note
that 6(6(2)) = i. Thus F C 0(E).

Therefore, F' = §(F) and Card(E) = Card(F). O
It is clear that ]
K .
S YE B F 210
foralll=1,2,...,m.

Let B € Fq as in (2.3). Consider the indicator function

Fg (Y1) =1— (Yi = B)*" (2.11)
with 1 <1 < m.
Then Fg, (V) € P(m,q) and
1 ifj=k,
Fs (8;) =
i (B1) {0 otherwise.
Consider the interpolation function
i .
PR )
Hiy (Vi) = > (=)~ (,j)Fak (Y2). (2.12)
k=0
We have H;, (Y1) € P(m,q),
(—=1)a=9 (%) if0<j<iy,
3, (5,) = () iro<j
0 ifiy<j<g—1
and )
i
(2 — 1) = Hi\(B))x]. (2.13)
=0
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Set

s

H;,(Y1). (2.14)

1
Thus

3
3

deg(Hy(Y)) = ) _ deg(H, (Y1) (2.15)

=

Proposition 2.2. We have H;(Y) = ¢~ (By(z)), where ¢ is the isomorphism defined in (2.4), i.e.
Bi(z) =Y Hi(Bj,-- - By )2t

J<i

=

Proof.

m

Bi(z) = | [z — 1)"

—

=1

OB ACHED:

1 7;=0

(H Hi, (B, ))Ql
i =1

=T

!

I~
IN
i

Hi(ﬂjl PR 7ﬁjm)§i«

|~
IN
s

3 Main Results

3.1 Generalized Reed-Muller codes over a prime field

Here, we give a new proof for the Berman and Charpin’s result. We consider the case r = 1, i.e.
q = p a prime number and F, = [F,, a prime field.

Let F, ={0,1,2,...,p— 1} and set B =k for all k =0,1,...,p— 1.
Let us study (z — 1)® for 0 < i < p — 1 over Fp.
We have _
z—1) = D I
e = e ()
For k € F;,, according to (2.1), we have

F(Y)=1—(Y -k =— 1:[ (Y —j) € P(1,p)
J=0(j#k)

) 1 ifj=k,
Fm)—{ J

and

0 otherwise.

Let us consider the interpolation function
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which is in P(1,p).
Thus, H;(j) = (—=1)"77(;) for 0<j <i
and

(@-1)" = > Hi(j)z'
Proposition 3.1. An ezplicit expression of H;(Y) is

() = I (0 +9)

where a; = —i! mod p.
Proof. As
-1 = e (1)
k=0
we have

Hik) = (—1)"7F() Hf0<k<i
0 ifi+t1<k<p-—1.

Therefore, H;(Y) may be written as

I &+,

J

H;(Y)=P(Y) ’

where P;(Y) is a polynomial of degree less or equal to i.

For Y =k in (3.3) with 0 < k <4 and using (3.2), we get

(-n* <k> =P(k)(k+1)...(k+p—1-1),

i il E+p—1—1i)
=1) kk!(z’fk)!:Pi(k)( e
As _
(i—k)!=(-1)""p-1)...(p—i+k) mod p,
we get
il = Pi(k)(p—1)!

and because (p — 1)! = —1 mod p by the Wilson lemma, P;(k) = «; for 0 < k < i. Therefore P;(Y)

is a constant polynomial equal to a; that achieves the proof.

Corollary 3.1.
deg(H;(Y))=p—1—1.

Remark 3.1. Polynomials H;(Y'), 0 <i < p — 1, satisfy the backward recurrence relation

HP—I(Y) = 17

Hi(Y) = #(Y —i—1DHi(Y) , 0<i<p-2.

1+ 1

O
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It is clear that in this section, the Proposition 2.2 become (see [12])

Bi(z) =Y Hi(j)z’ (3.4)

j<i
The following Theorem is well-known (see [1],[2]).

Theorem (Berman-Charpin) 3.2. Let C,(m,p) be the Reed-Muller code of length p™ and of
order v (0 < v < m(p—1)) over the prime field F, and M the radical of Fp[X1,...,Xm] / ( X7 —
1,..,XE —1). Then

C,(m,p) = M™P=D7,

Proof. Set d := m(p — 1) — v. The set By = {Bi(z) | |i| > d} is a linear basis of M? over F,.
Consider Bi(z) = >, Hi(j)z? € M?. By (2.15) and Corollary 3.1, we have deg(H;(Y)) =
Soap—1—d; = m(p—1) =i <m(p—1)—d=v. It follows from Remark 2.1 and (2.5) that
Bi(z) € Cu(m,p). Thus M? C C,(m,p). Moreover, if we take r = 1 in Proposition 2.1, we have
dimg, (M%) = dimg, (C,, (m, p)). O

3.2 Binomial function over a finite field

In this subsection, we examine some properties of (z — 1)*,0 < i < ¢ — 1, over an arbitrary finite
field F, where ¢ = p" with p a prime number and r > 1 an integer.

We have already seen from (2.13), (2.12) and (2.11) of Section 2 that

i

(x—1)=> Hi(Ba’ , 0<i<q—1
j=0
where .
Hi(Y):=) (-1)"" (;) Fs (Y) , 0<i<q-1 (3.5)
k=0
and

Fa (V) =1—(Y = 8)" "

(prd— 1) = (=1)* mod p

where p is a prime number, r > 1 an integer and 0 < d < p" — 1.

Lemma 3.3.

Proof. It can be proved easily by induction on d. O

The following proposition is fundamental.

Proposition 3.2. The interpolation function (3.5) satisfies the relation
Hi(Y) _ Za—d |:(_1)z _ (ad _ 1)1] Yq—l—d

d=1

where a is a primitive element of Fg and 1 <7< g — 1.
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Proof. We have

i

Hi(Y) = > (-1 (k) Fa, (Y)
0

k=

= (=Y 3 <k> [1- (v = )]

= (D' Ay 3y <k> -> -y @ (¥ =6
k=1

k=1

Since
(Y =B =D (=) (B! <q ; 1) yi0d

and by Lemma 3.3, we have

Thus, by (2.3),

k=1
e k(’)(a“)d)w”.
d=0 k=1 k
Since
kzl( 1)7,—k <k> _ (_1)i+1
then
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_ = o - (—1y* <Z> (ak)d — (—1y!| yoi-d
d=1 L:o k
=— Zofd [(ad -1 - (—1)2] y e

Corollary 3.4. 1. Hi(Y)=-Yy42ve.
2. Ho(Y)=-Y122(2—a F)YE.
3. Hi1(Y)=1.
Remark 3.2. Ho(Y) = Fp,(Y)=Fp(Y)=1-Y? .
The next corollary is important to what follows.
Corollary 3.5. IfF, is a non prime field, then we have
deg(H,-o(Y)) = g — 2.

Proof. In Proposition 3.2, for i = ¢ — 2, the coefficient of Y972 is

o [(-1)T? = (a—1)77?]. If (= 1)?7% = (=1)97?, then (a — 1) " = (1) *(a — 1). Since o
is a primitive element of F, then o # 1 and (o — 1)?"! = 1. Thus 1 = (—=1)? %a + (=1)?"!, and
(=1)772a, = 0. hence, o = 0. This is a contradiction. O

3.3 Main theorem

Bearing in mind the Remark 2.1, we have our main theorem:

Theorem 3.6. Let C,(m,q) be the Generalized Reed-Muller code of length ¢™ (m > 1 an integer)
and of order v(0 < v < m(q — 1)) over a non prime field F; and M = Rad(A) where A =
Fo[X1,. ., Xm] / (XT—1,...,X% —1). Then

(Z)_ MT”VL(q_l) = CO(ma q); M = C’m(qfl)fl(qu) and MO = Cm(qfl)(myq)
(11)- M* # Crog—1y—i(m, q) for all i such that 2 <i<m(q—1)—1.

Proof. Since F, is a non prime field then g > 4.

(i)-(a)- M™@=1 is linearly generated over Fy by By_1,. 4 1)(z) = 1 the “all one word”. By (2.15)
and Corollary 3.4, we have deg(H(4—1,....q—1)(Y)) = 0. It follows from Proposition 2.2, Remark 2.1
and (2.5) that B,_1,.. 4 1)(z) € Co(m,q). Thus M™~Y C Cy(m,q). And by Proposition 2.1, we
have

.....

dimg, (M™ 97V = dimg, (Co(m, q)).

(b)- Consider B;(z) := (z1—1)" ... (2m —1)"™ € M. There is an integer  such that 1 < < m and
i1 > 1. By Proposition 3.2, deg(H;,(Y)) < g — 2. And we have deg(H;(Y)) < ¢ — 1 for all ¢ # 1.
So deg(H;(Y)) <qg—2+ (m—1)(g—1) = m(q—1) — 1. Thus Bi(z) € Cyy(g—1)—1- This implies

that M C Cy,(q—1)-1(m, q), and by Proposition 2.1, the equality holds.

(c)- It is obvious because Cy(q—1)(m,q) C A = M° and the Proposition 2.1 give the result.
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(ii)- Consider the following sequence:

{0} ¢ M™@=D ¢ pmla=D-1 oo ymlamD=la=2+ o pmia—D=(a-2)
C oo C M™ED=2Aa=2D41 .~ prmla—D=(m=1)(a-2) ..

C Mm@+ c pypmoc gt c M™T2 C - M2 C M C A
For simplicity, let us proceed step by step:

Step one:

- M™=D=1 is linearly generated over F, by the B;(z) such that |i| > m(q —1) — 1.

Consider B(y—2,4-1,...,q—1)(z) which is in M™@=Y=1 By Corollary 3.4, Corollary 3.5 and (2.15),
we have deg(H(g—2,4-1,....¢-1)(Y)) =q—2 > 1 (for ¢ > 4).

Thus Bg—2,9-1,....q-1)(z) ¢ C1(m, q). It follows that Mm™a—D=1 2 ¢ (m,q).

- Since g > 4, then M™a~D-1 C pymla—D=(a=2)+1

Therefore, Biy—2,4-1,....q-1)(2) € Ma-D=(a=2)+1 ().

And since deg(H(q—Q,q—l,m,q—l)(Z)) =q—2>q—3, then B(q—Q,q—l,“.,q—l)(&) ¢ qug(m, q)
Hence M™@=D=@=2+1 L 0. o(m, q).

- It is clear by (2.6) that B3 4-1,.. 4-1)(z) € Ci(m,q) for 2 < i < g — 4, then by (2.8) we have
Mma—h=i o Ci(m,q) for 2 <i < q—4.

In particular, the statement is proved for the case m = 1.
Step two:

- M™a=D=(1=2) j5 Jinearly generated over Fy by the B;(z) such that |i| > m(q — 1) — (¢ — 2).
Consider B(y_2,4-2,41,....q—1)(2) which is in M™@~D=172) by ().

We have deg(H(4—2,4-2,4-1,....q—1)(¥)) = 2(¢ — 2) > ¢ — 2 (for ¢ > 4).

Thus B(y—2,4-2,4-1,...a-1) (&) & Cq—2(m,q). So M™1=D=1=2) L C\_5(m,q).

- Since ¢ > 4, then Mmla—1)—(a—2) C Mmla—1)—-2(g=2)+1

Therefore B(y_2.4-2.-1,..q-1)(x) € M™a-D=2@=2)+1,

And since deg(H(g-2,4-2,¢-1,....q-1)(¥)) = 2(¢ — 2) > 2(¢ — 2) — 1, we have

Bg-2,4-2,4-1,..., qfl)(l) ¢ C2(q72)71(m7Q)-

Hence M™(a—D—2(a=2)+1 # Ca(g—2)-1(m, q).

- For ¢ > 4, since By—2,4-2,4-1,...q-1)(x) ¢ Ci(m,q) where ¢ — 1 < i < 2(¢ — 2) — 2, then
M™a=D=F £ Ci(m, q) for ¢ —1 < i < 2(q —2) — 2.

Continuing in this way, we apply the same method for each step. Thus, for the m-th step, we have
Step m:

- Mma=D=(m=1a=2) is Jinearly generated over F, by the B;(z) such that |i| > m(q—1) — (m —
(g -2

Consider By_2,... q—2)(z) which is in Mma—D=(m=1)(e=2) (for m > 2). By Corollary 3.5 and (2.15),
we have deg(H(y a...q2)(¥)) = mlq — 2) > (m — 1)(q - 2) (for q > 4).

Thus Bg—2,....q-2)(2) € Cim—1)(q—2)(m, q). Therefore

Mrmla=D=(m=1)(a=2) Clm—1)(q—2)(m, q).

- Since ¢ > 4, then Mmla-D=(m=1)(a-2) ¢ pymla—1)—mlg—2)+1

Hence B(g—2,...q—2)(x) € Mmla=D—mlg=2)+1

And since deg(H (g—2,....q—2)(Y)) =m(qg —2) > m(q—2) — 1,

then B(g—2,...q-2)(z) ¢ Cm(g-2)-1(m, q).

Therefore M™@~D—m(a=2)+1 Crn(g—2)-1(m, q).

10
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- For ¢ > 4, since B(4_s,... g—2)(z) & Ci(m, q) where (m —1)(¢ —2)+1 < i < m(g—2) — 2, we have
M™a=D= £ Ci(m, q) for (m—1)(q—2) +1<i<m(q—2)—2.

To end the proof, we consider the following final step:

- Mma=D=ma=2) — pf™ is linearly generated over F, by the B;(x) such that |i| > m.
Consider B(g,2,1,...,1)(«) which is in M™. By Corollary 3.4, Remark 3.2 and (2.15) we have
deg(Ho,2,1,..,1)(Y)) =m(q —2) + 1 > m(q - 2).

Thus Bg,2,1,...,1) (&) € Cm(g—2)(m, q). Hence M™ # C(q—2)(m, q).

- M™ ! is linearly generated over F, by the B;(z) such that |i| > m — 1.

Consider B(g,0,2,1,...,1)(2) which is in M™t

We have deg(H(0,0,2,1,..,1)(Y)) = m(qg —2) +2 > m(q —2) + L.

Thus B(o,0,2,1,...,1) (&) € Cm(g—2)+1(m,q). So Mt £ Crm(g—2)+1(Mm, q).

Similarly, we have finally:

- M? is linearly generated over F, by the B;(z) such that |i| > 2.

Consider B, ... 0,2)(z) which is in M2,
We have deg(H o,....0,2)(Y)) =m(¢—1) —1>m(qg—1)—2.
Thus B(o ..... 0,2)(&) ¢ Cm(q71)72(m7 q). Hence M? e C7n(q71)72(m7 q). O

3.4 An example with two variables over F,

In this section, we consider the case m =2, g =4 and n = 42 = 16.

Let a € F4 be a root of the irreducible polynomial 1 + Z + 7% over Fo. It is clear that Fy =
{O, 1, a, aQ}.

Set
Bo=0, Bi=1 Ppo=a and Bs=c’

Consider the modular algebra
A=TFa[X1,X] / (X{—1,X3 1) = {Z?:o Yoo auiwh | aji € F4}
with 21 = X1+ I, 2o = Xo+ T and [ = (X{ — 1, X5 — 1).
Set [0,3] := {0, 1,2, 3},
i:= (i1,42) € ([0,3])%,
and z := (21, 22).
Let us fix an order on the set of monomials
{a:{'xé |0<j,1< 3}. (3.6)

Consider the polynomial

i1 g
Bliy in)(@) = (21 = 1) (22 = 1) =YY " Hi, ) (85, B) w2

§=01=0
with H(il,iz)(yla YQ) = Hz'1 (Yl)H¢2 (Yz)
From Proposition 3.2, we have H1(Y) =1+Y +Y? Ho(Y) =14+ a?Y +a¥? and H3(Y) = 1.

And by (2.12) and (2.11), we have Ho(Y) = Fo(Y) =1+ Y3,

11
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We have the sequence of ideals
{OcMScMPCcM*CM>CM*CMCA where M =Rad(A).
The ideal M® (0 < d < 6) is linearly generated over Fy by

Ba = {Bi, ip)(x) | 0 < i1,ia < 3,41 + iz > d}

Let v be an integer such that 0 < v < 6. Consider the GRM codes C,(2,4) of length 16 and of
order v over Fy:

Cu(2,4) :== {(P(Bs, B))o<ii<s | P(V1,Y2) € P.(2,4)}.

where
3

3
P,(2,4) := { (Y1,Y2) = D > upY{ Yy | uy € Fa, deg(P(Y1,Y2)) < y}

7=01=0

and {(5;,06:) | 0 < j,1 < 3} is ordered as in (3.6).

We have the ascending sequence:

{0} C Cp(2,4) C C1(2,4) C C2(2,4) C C3(2,4) C C4(2,4) C C5(2,4) C Cs(2,4) = (F4)*°
In virtue of the isomorphism (2.4) and the Remark 2.1, we have the following results:

-M® and Cy(2,4) are linearly generated by B3 3)(z) = 1 (the “all one word”), and we have M°® =
Ch(2,4).

-Since Bz 3)(z) = Z?:o Z?:o Ha 5 (85, B2z € M® and deg(H(2,3)(Y1,Y2)) = 2 > 1, then
B2,3)(z) ¢ C1(2,4). Thus, M° # C1(2,4). _

-Since Br2)(z) = Y0 S, H<2,2)(537/31)x{x’2 € M* and deg(H 2,2)(Y1,Y2)) = 4 > 2, then
B2,2)(z) ¢ C2(2,4). Therefore, M* # C3(2,4).

Since B(g9)(z) = Z?:o S o Hz)(Bs, B)wlah, € M? and deg(Ha)(Y1,Y2)) = 4 > 3, then
B2,2)(z) ¢ C3(2,4), and we have M?® # C5(2,4).

-Since Bgo)(z) = Z?zo S o Heo2)(B5, Br)xiah € M? and deg(Ho,2)(Y1,Y2)) = 5 > 4, then
Bo,2)(z) ¢ C4(2,4). This implies M? # C4(2,4).

It is clear by the proof of the Theorem 3.6. that M = C5(2,4).

3.5 An example with one variable over F,

In this section, we consider the case m =1, ¢ =4 and n = 4.
Let a € Fy be a root of the irreducible polynomial 1+ Z + Z2 over Fy. We have Fy = {O7 1,a, a2}.

Set
50:07 ﬁl = 17 /82 =« and 5320527

Consider the modular algebra

A=RX]/ (X' =1)={T}_ a2’ |a; € Fu}
withz = X + 7 and I = (X* - 1).

Let us consider the following order on the set of monomials

{xj|0§j§3}:
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1<z<a?<ad

For 0 <1 < 3, consider the polynomial
Bi(z) = (z — 1)' = ) Hi(B;)a’
3=0
From Proposition 3.2, we have H1(Y) =1+Y +Y? Hy(Y) =1+ a?Y +a¥? and H3(Y) = 1.
And from (2.12) and (2.11), we have Ho(Y) = Fo(Y) =14 Y3,
We have the sequence of ideals
{0y c M®* C M>*C M C A where M = Rad(4).
The ideal M? (0 < d < 3) is linearly generated over Fy by
By :={Bi(z)|d<i<3}

Let v be an integer such that 0 < v < 3. Consider the GRM codes C, (1,4) of length 4 and of order
v over Fy:

Cu(1,4) := {(P(Bo), P(B1), P(B2), P(B3)) | P(Y) € P,(1,4)}.

where
3
P,(1,4) := {P(Y) => u;Y? | u; € Fa,deg(P(Y)) < 1/} .
§=0
We have the ascending sequence:
{0} C Co(1,4) C C1(1,4) C C2(1,4) C C3(1,4) = (Fa)*.
By the isomorphism (2.4) and the Remark 2.1, we have the following results:

-M3 and Cy(1,4) are linearly generated by Bz(x) = I (the “all one word”), and we have M?® =
Co(1,4).

-Since Ba(z) = Z?:o Hy(B;)z? € M? and deg(H2(Y)) = 2 > 1, then

Ba(x) ¢ C1(1,4). Thus, M? # C1(1,4).

It follows that M? is not a Reed-Solomon code of length 4 over Fyu.

It is clear by the proof of the Theorem 3.6. that M = C2(1,4).

4 Conclusions
a In the section 2, we have given the definition of the GRM codes of length ¢"™ over a finite field
F, and some general properties of the residue class ring A.

b In the subsection 3.1, we have given a new proof of the theorem of Berman and Charpin about
the Reed-Muller codes over a prime field.

c In the subsection 3.2 , we have studied the coefficients of the binomial function over a finite field.

d In the subsection 3.3, we have studied the relations between the Generalized Reed-Muller codes
over a non prime field and the radical powers of A.

e In the subsection 3.4 and 3.5, we give some examples.
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A possible future work is to describe the Generalized Reed-Muller codes over a non prime field in
the ambient space A.
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