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Abstract

A linear differential equation with polynomial coefficients is studied. In the preceding study
given in J. Adv. Math. Comput. Sci. 2018; 28 (3) 1-15, the equation is expressed in terms of
blocks of classified terms, and the full solutions near the origin are presented for the differential
equations of the second order and with two blocks of classified terms. In the present study, it
is shown that the solutions near infinity are easily obtained and the asymptotic behaviors are
discussed with the aid of a theorem given in the preceding paper.
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1 Introduction

In the preceding paper [1], differential equations of order I, € Z~¢, with coefficients of polynomials,
are studied. They take the form:

le

oo k
DD annt™ Gpult) =

k=0 m=0 k

(t)=0, t>0, (L1)

S 2 5 d*
(@0 + a1 - t+agz - t°+aps-t +~--)~ﬁu
—0

where ay,m for k € Zo,;,,) and m € Z~_1 are constants. It was assumed that a finite number of the
constants are nonzero.

Here R and Z are the sets of all real numbers and all integers, respectively, and Z, ) = {n € Z|a <
n < b} for a,b € Z satisfying a < b. We also use C which is the set of all complex numbers, and
Zso={n€Zn>a}, Zea ={n € Zn < a} for a € Z, and R>, = {x € R|x > a} for a € R. We
use (z)x and (z); for z € C, k € Z>_1, which denote (2)r = an;lo(erm) if k € Z>o, and (2)o = 1,
as usual, and

k—1
(2), = H (z—m) = (=1)"(=2)k, k€ Zso, (1.2)

and (z), = 1.

In [1], the terms of Equation (1.1) are reassembled as

lo
> Diu(t) =0, t>0, (1.3)
l=—o00
where
! Z —
Dtu(t) = Z Ak k—1 -t d?u(t), (1.4)
k=max{0,l}

each of Dju(t) is called a block of classified terms.

When I, = 2, Equation (1.3) is expressed as

Diu(t) + Diu(t) + DYu(t) + Dy 'u(t) + Dy 2u(t) +--- =0, >0, (1.5)
where
d? 2 d? d
2 1 0 2
D; = az,Oﬁ, D; = az2.1t- prol + CL1,0$7 Dy = az ot - p7e] + a1t - pr + ao,0,
Dl s d 2 d D2 . & 3 d 2
¢ = a3t - p7e] + a1t - 7 + ao,1t, T = ag 4t - p7e] + a3t - 7 + ao,2t”,
(1.6)
When D! is operated on t* for a € C\Z, we have
Dit® = Ay(a)t* ", (1.7)

where

lz

Al(a) = Z akp—1 - (@) - (1.8)

k=max{0,l}

When we discuss a differential equation of order [, the following condition is adopted.
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Condition 1.1. We consider such a differential equation is not regarded as a differential equation
of u'(t), so that >_°_ |ai,,m| # 0 and > oo_; |ao,m| # 0.

In [1], special attention is focussed on Equation (1.5) for the case in which there exist two nonzero
blocks of classified terms, so that the equation is expressed as

Diu(t) + D™ u(t) =0, m € Zso, (1.9)

Remark 1.1. By (1.6) for I, = 2, we see that Equation (1.9) for { = —1,—2,... are equivalent to
the one for [ = 0, and the differential equation for [ = 1 is equivalent to the one for [ = 0 when
ao,0 = 0. We note that the differential equation for [ = 2 is equivalent to a special one for [ = 0.
Hence we study only the differential equation for [ = 0.

In [1], special attention is focussed on the solutions of

D{u(t) + Dy 'u(t) = 0, (1.10)

In [2, 3, 4], the solutions of Kummer’s and the hypergeometric differential equation, which are
special ones of Equation (1.10), were studied with the aid of distribution theory, and of the AC-
Laplace transform, that is the Laplace transform supplemented by its analytic continuation. In the
study, the following condition was adopted.

Condition 1.2. u(t) is expressed as a linear combination of g, (t) = F(ll/)t”*l fort >0and v €S,

where S is a set of v € Ry _p\Z<«1 for some M € Z~_1.

We then express u(t) as follows:

u(t) = Zuu_lr(ly) 7t (1.11)

ves
where u,_1 € C are constants. Because of this condition, we obtained the solutions which are
expressed by a power series of ¢ multiplied by a power ¢“:

u(t) =ty pit”, (1.12)
k=0

where o € C\Z<o, pr € C and po # 0.

In [1], for Equation (1.10), the solutions in the form of (1.12) are shown to be given by the generalized
hypergeometric function. When [, = 2, the solutions of Equation (1.10), which are of the form
(1.12), are expressed by

2F1(a,b;c;z):i(a7,z , 2Fu(a,b;;z2) :iMzk, (1.13)

= (a > 1
1F1(a;c;z):zk(. kR 0F1(;c;z):z ! 2", (1.14)

The first series in (1.13) and (1.14) are the hypergeometric and the confluent hypergeometric series,
respectively. In Section 2, we reproduce the theorem giving the results for the solution of Equation
(1.10) for I, = 2, with a correction. In [1], every equation of Equation (1.9) for m € Zs: is shown
to reduced to a differential equation of the form of (1.10) by a change of variable.

In [5], the asymptotic behaviors as ¢ — oo are discussed for the confluent hypergeometric function,
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which is a solution of Kummer’s differential equation, in the standpoint of fractional calculus.

It is the purpose of the present paper to show how the behaviors near infinity are obtained for all
the solutions given in the above-mentioned theorem. In Section 3, we first show that the solutions
near infinity, which take the form:

u(t) =" gt ™", (1.15)
k=0

are easily obtained with the aid of the theorem. Discussion is then given on the behaviors as t — oo,
for the solutions given in the theorem. As a by-product, we obtain the solution of the following
equation in Section 3.2:

3 d2’LL

In Section 3.3, we use a formula for the confluent hypergeometric function, which is given in [5].
In Section 4, discussion based on fractional calculus is given on the derivation of the corresponding
formula for the hypergeometric function.

2 Solution of Equation (1.10) for [, =2 and [ =0

From now on, we restrict the discussion to the case of [, = 2.

We introduce notation ,, D! which represents D!, when the coefficient of ¢* is nonzero and those of
t™ for m > n are all zero. The differential equations belonging to Equation (1.10) for I = 0 are
classified into

2 DYu(t) + oDy 'u(t) =0, n=3,2,1, (2.1)
mDu(t) + 3Dy u(t)=0. m=2,1,0.

We call Equation (2.1) for n € Zy 31 as (2.1-n), and Equation (2.2) for m € Zy g as (2.2-m), where
(2.1-3) and (2.2-2) represent the same equation.

We use a, b and ¢, which satisfy ai11 = a2,2(1 + a + b) and ao,0 = az2,2 - ab when a2 # 0, and
a0,0 = ai,1 - ¢ when az2 = 0 and a1,1 # 0. Using these in (1.6), we obtain

2

~ d d ~
2D?=a2,2[t2-——i—(l—i—a—i—b)t-a—i—ab], 1D?:a171(t-

d ~
a2 — 4+ C), ()D? = ao,0- (23)

dt

When ag,0 = 0, we put b = 0 and ¢ = 0 in (2.3). We use a, b and &, which satisfy a1,2 = a2,3(1+a+b)
and ap,1 = a2,3 - @b when as 3 # 0, and ap,1 = a1,2 - ¢ when az 3 = 0 and a1,2 # 0. Using these in
(1.6), we obtain

3D;1:a2,3~t[t2~—+(1+d+b)t-—+db], QD;I :a172-t(t~—+5),
1l~)t_1:a0,1 -t. (2.4)

When ap,1 = 0, we put b=0 and &= 0 in the first two equations of (2.4).



Morita and Sato; JAMCS, 29(6): 1-17, 2018; Article no. JAMCS. 45273

7

Remark 2.1. In Section 7.21 of [6], terminologies "regular singular point” and ”irregular singular

point” are used. For an equation, which is expressed by

d? d
(6 =€) 25+ (6 = )p(t) -+ a()]u(t) = 0, (25)
point ¢ = c is called a singular point, if f(ftz or % is not analytic at c. If the point ¢ = c is

a singular point, it is said to be regular or irregular at ¢ = ¢, according as both p(¢) and ¢(¢) are
analytic at ¢t = ¢, or not so. By this terminology, the point ¢ = 0 is a regular singular point of
Equation (2.1), and it is an irregular singular point of Equations (2.2-1) and (2.2-0). We note that
there exist two, one and no solutions of the form (1.12) for Equations (2.1) satisfying a — b ¢ Z,
(2.2-1) and (2.2-0), respectively.

The differential equation (2.1-3) for ap,0 = 0 is the hypergeometric differential equation, whose
solutions are the hypergeometric functions. The differential equation (2.1-2) for ag = 0 is

Kummer’s differential equation, whose solutions are the confluent hypergeometric functions. Laguerre’s

differential equation is a special one of Kummer’s differential equation; See Chapter VIII in [7], and
Chapter 13 in [8].
The following theorem is Theorem 2.2 in [1], with minor corrections.

Theorem 2.1. We have the following solutions of the form (1.12) for Equations (2.1)~(2.2).

(i). If ao,0 # 0, ao,1 # 0 and a — b ¢ Z, we have the pairs of solutions of (2.1-3), (2.1-2) and
(2.1-1), respectively, which are given by

bo(t)=t" - 2F1(a+a,b+a;1+a+ b+ 20 —22’315)7 (2.6)
2,2
gzﬁa(t):ta‘1F1(5+a;1+a+b+2a;—?t), (2.7)
2,2
gzﬁa(t):to‘~0F1(;1+a+b+2a;f?t), (2.8)
2,2

for « = —a and a = —b.

(ii). If @p,0 = 0, ao,1 # 0 and —a ¢ Z, pairs of solutions of (2.1-3), (2.1-2) and (2.1-1) are given
by
$o(t)=2F1 (@b 1 +a; = 224), ¢ o(t) =t 2 F1(@—a,b—a;1 —a;—221); (2.9)
az,2 az 2
Go(t)=1F1 (&1 +a;—220), pa(t) =t 1 F1(E— a3 — a; — “22¢); (2.10)
a2, 2 az,2
Go(B)=0F1(;1+a; = 2224), ¢_a(t) =17 - 0Fi(;1 - a3 —2tt), (2.11)
a2 2 az,2

respectively, which are (2.6)~(2.8) for b = 0.

(iii). If ag,0 # 0, ao,1 = 0 and a — b ¢ Z, pairs of solutions of (2.1-3) and (2.1-2) are given by (2.6)
for b =0, and by (2.7) for ¢ = 0, respectively.

(iv). If ag,0 # 0 and ap,1 # 0, we have only one solution of (2.2-1) given by

Y_o(t) =t~ 2Fo(@—c,b—c; —Zj’jt). (2.12)

The second factor on the righthand side of (2.12) is a polynomial, when @ — ¢ € Z<1 or
b—c € Z<1. If such is not the case, it is an infinite series which has zero radius of convergence.

(v). If ap,0 = 0 and ap,1 # 0, only one solution of (2.2-1) is given by (2.12) for ¢ = 0.
(vi). If ag,0 # 0 and ap1 = 0, only one solution of (2.2-1) is given by (2.12) for b= 0.
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(vii). There exists no solution of the form (1.12) for (2.2-0).

Remark 2.2. In Theorem 2.2 of [1], the case (vii) is not included, since there exists no solution of
the form (1.12) in this case.

Remark 2.3. In [1], the first equation in (2.11) is given by ¢o(¢) = 0 F1(;1 + q; fZ;’;t), which is

in error and should be corrected as in (2.11).

3 Behaviors of the Solutions Given in Theorem 2.1 as
t—occand t — 0

Lemma 3.1. We put z = 1, v(z) = u(t), and

mD2v(z) = % cma D u(t), m=2,1,0, (3.1)
nﬁglv(:c) =z nle?u(t), n=3,21. (3.2)
Then
2Dv(x) + Dy 'v(z) =0, n=3,21, (3.3)
ngU($) + 3D;1U(m) =0, m=2,1,0, (3.4)
where

~ B - d » ~
2D° :ag,g[xz c—+(1—a—-b)x-— +abl, DY = a2 (—z- Iz +9), oDy = ao,1, (3.5)

in place of (2.3), and
d? d = d
s +(1—-a-b)z- £—|—ab]7 oD, =ai1-z(—x - — +¢),

1Dt =ao0 -z, (3.6)
in place of (2.4). We call Equation (3.3) for n € Zp 31 as (3.3-n), and Equation (3.4) for m € Zp g
as (3.4-m), where (3.3-3) and (3.4-2) represent the same equation.
Lemma 3.2. When Equations (2.1-3), (2.1-2), (2.1-1), (2.2-1) and (2.2-0) hold, Equations (3.4-2),
(3.4-1), (3.4-0), (3.3-2) and (3.3-1), respectively, hold.

-1 2
3D, =azz2 - z[z” -

Remark 3.1. The solutions of Equations (3.3-n) and (3.4-m), respectively, for n € Zp; 3 and
m € Zpp g, are given by those of Equations (2.1-n) and (2.2-m) with az22, a1,1, ao,0, a, b, ¢, ¢, ¢
and t exchanged by a3, —a1,2, ao,1, —a, —b, —¢, ¢, ¥ and z, respectively.

Remark 3.2. As a consequence of Remark 3.1, from the solutions of the form (1.12) for Equations
(2.1) and (2.2) given in Theorem 2.1, we obtain the solutions of the form:

k=0
for Equations (3.3) and (3.4), where a € C\Z<o, px € C and po # 0.

Remark 3.3. In Section 7.22 in [6], it is stated that an equation belonging to (2.1)~(2.2) is said
to have a regular or irregular singular point at ¢ = oo, according as the equation associated to it
in Lemma 3.2 has a regular or irregular singular point at the point z = 0. By Remak 2.1, the
equations in (3.3) and Equations (3.4-1) and (3.4-0) have a regular and an irregular singular point,
respectively, at = 0. As a consequence, by Lemma 3.2, Equations (2.1-3), (2.2-1) and (2.2-0) have
a regular singular point at £ = oo, and Equations (2.1-2) and (2.1-1) have an irregular singular
point at = = oco.
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3.1 Solutions of (2.1-1) with ap; # 0 for |z| — c©

When Equation (2.1-1) with ap,1 # 0 holds, we have the pair of solutions given in (2.8). In this case,
Lemma 3.2 shows that Equation (3.4-0) with ao,1 # 0 holds, and Remark 3.1 shows that Equation
(3.4-0) has no solution, since Equation (2.2-0) has no solution as shown in Theorem 2.1(vii).

We put az2 =1, ag,1 = =8, z =1, ¢ = 2~ ', w(z) := u(t) and W(¢) := v(z). Then Equations (2.1-1)
and (3.4-0) are expressed by

d*w dw
2 _
2 +(1+a+b)z P + abw — dzw = 0, (3.8)
d*w di
- 3 2 -
—ow + ¢ ~d7<2+(17a7b)(j -d—CJrawa:O, (3.9)
and if a — b ¢ Z, we obtain the following solutions of (3.8), with the aid of (2.8):
D_,(2):=0"" ¢p_a(t) = (62) " -0 F1(;1 — a+b;0z), (3.10)
D y(2):=0"p_p(t) = (62) " 0F1(;14a— b;dz). (3.11)

Remark 3.4. Whenn € Z~_1,a=b+n — € and é = 1, by using (3.11) and (3.10), respectively,
we obtain two solutions of (3.8):
zib~0F1(;1+nfe;z)
b = 1
= 1
a1 +;k!(1+n—e)(1+n—e+1)(1+n—e+2)~~(1+n—e+k—1)

2", (3.12)

n—1
enl(l—n+en1-2 """ gFI(l—n+ez)=(1—0dno)e-nl 277"t Z %zk
k=0 ' k
—b+te > n! k/
1 .1

k'=1

both of which tend to z27° - oF1(;1+ n;2) as € — 0, where 0,,0 denotes Kronecker’s delta, which is
equal to 1, if n = 0, and to 0, if otherwise.

Lemma 3.3. Whenn € Z>_1, a=b+n and § =1, we have two solutions of (3.8):
wi(z):=2"" 0F1(;1+mn;z), (3.14)

wa(2) = (1= Gno)nl - 207" "i (G e L

k!
k=0
b . : _ e~ o+ k) — ¢(n) + é(k)) k
+z7" - oF1(G1+n;z)logz — 2 ; R+ k)] 27, (3.15)
where
1 1
Glk) =145+ + . (3.16)

Proof. To obtain (3.15), we use (3.13) and (3.12) in

wa(z) = lim g[e (1 =n+ €12 TRl —n+e2) -2t oFi(G1+n— e 2)]. (3.17)

e—0 Jde

O
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Putting b = 0 and n = 1 in this lemma, we obtain the following lemma.

Lemma 3.4. Whena=1,b=0 and 0 = 1, we have two solutions of (3.8):

w1 (2) :=0F1(;2;2), (3.18)

)+ ok+1)—1 4
KE+1)!

wa(z):=2"" 4+ oF1(;2;2) log z — i ok (3.19)
k=1

where ¢(k) is given by (3.16).

3.2  Solutions of (2.2-0) with ago # 0 for |z| — oo

When (2.2-0) with ag,0 # 0 holds, Theorem 2.1(vii) shows that there exists no solution of the form
(1.12). In this case, Lemma 3.2 shows that (3.3-1) with ao,0 # 0 holds, and Remark 3.1 shows that
(2.1-1) and (2.8), with a2,2, ao,0, ao,1, a, b, ¢ and ¢ replaced by a2 3, ao,1, ao,0, —a, —b, ¢ and =,
respectively, hold, so that if a — b ¢ 7,

da(x) =z oF1(;1+a— b _Zo0 z), ¢p(z) = 2t oFiG1—a+b; _200 x). (3.20)
a23 az,3

We put apo =1, asz = =6, z =1, = 2z~ %, w(¢) = v(x) and w(z) = u(t). Then (2.2-0) and (3.3-1)
are expressed by

2

5 dw L= dw 5 .
w—90-z[z T +Q+a+b)z T + abw] =0, (3.21)
d*w sodw | s
2 ~ o S

and if @ — b ¢ 7Z, we obtain the following solutions of (3.21), with the aid of (3.20):

Tha(z) = (82) - oFi(G1+a—b;(82)7Y), (3.23)
o) = (62)7" 0P 1 —a+b; (52) 7). (3.24)
Remark 3.5. We note that the solutions of (3.22) for the cases of (i): n € Z>_1, a = b—n+eand
0=1,(1):n€Zs_1,a=b—mnand § =1, and (iii): a = —1, b =0 and § = 1, are obtained from

Remark 3.4 and Lemmas 3.3 and 3.4, respectively, with z, wi(z) and w2 (z) replaced by ¢, w1(¢)
and w2 ((), respectively. As a consequence, we have the following lemma from Lemma 3.4.

Lemma 3.5. Whena = —1, b=0 and § = 1, Equation (3.21) is expressed by

2
2 0;72’ —w=0, (3.25)

which has an irregular singular point at z = 0, and the solutions of (3.25) are given by

wi(2) =d1(¢) = oF1(;2;27"), (3.26)

+ok+1) — lsz
Ki(k + 1) ’

wa(z) =w2(¢) = zfoF1(;2;zfl)longZ o (k) (3.27)

where ¢(k) is given by (3.16).
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3.3 Asymptotic behaviors of the solutions of (2.1-2) for |z| — o

We consider Equation (2.1-2) with ag1 # 0 or ag,0 # 0 or both, for which we have the pair of
solutions given in (2.7). In this case, Lemma 3.2 shows that (3.4-1) holds, and Remark 3.1 shows
that Equations (2.2-1) and (2.12), with a2, 3, a1,1, 60,0, @, b, ¢, 1 and t replaced by az.2, —a1.2, ao.1,
—a, —b, —¢, 1; and z, respectively, hold, so that

Ya(x) =" 2 Fy(é — a,&— b;; a2’2x). (3.28)

ai,2

Weput aze =1,a12=-0,z2=t, (=21, w(z) :=u(t) and w(¢) := v(x). Then Equations (2.1-2)
and (3.4-1) are expressed by

d*w dw dw

2 ] =

2 +(1+a+b)z- P + abw — dz[z - P + éw] =0, (3.29)
do . 5 d*w 5 dw o

a[¢ - i —cw] +¢ dc +(1—-a-0) e + ablw = 0, (3.30)

and if a — b ¢ Z, we obtain the following solutions of (3.29), with the aid of (2.7) and (3.28):

D_,(2):=0""p_a(t) = (62)"" - 1F1(C—a;1 —a + b; 62), (3.31)
D 4(2):=0"p_p(t) = (02)" -1 F1(é—b;1 — b+ a;62), (3.32)
U_o(2):=6 “Ya(z) = (62) ¢ - oaFp(¢—a,é— b;; —(62) ). (3.33)

d*w dw dw
Lew AL MY A = 34
a2 Az °dz w=9, (3:34)
and its solution given by (3.32) becomes 1 Fi(A; B; z). In [5], the asymptotic behavior of 1 F1(A; B; z)
is given as follows.

z

Lemma 3.6. Let A € C\Z<1, B€ C\Z«1 and B— A € C\Z<«1. Then

1F1(A; By z)=e” - 1F1(B — A; B; —2) (3.35)
_ _iAm F(B) . D. 'L'(B*A)T(F(B) z AR
=e B =A) U(A;B;z)+e 7F(A)e U(B—-A;B;e ""z), (3.36)
where
U(A;B;2) =2 aFy(14+ A— B, A;; —27 1), (3.37)
B NTE(B— A Bye " 2) = "2 P yFy(1— A B — A;; 27 h). (3.38)

Remark 3.6. In Section 13.5.2 of [8], (3.37) is stated to hold valid, when —37 < argz < 37.
As a consequence, (3.38) holds valid, when —im < argz < 37, and (3.36) with (3.37) and (3.38)
hold valid, when —im < argz < 37. In Section 13.5.1 of [8], (3.36) is stated to hold valid when

—gw <argz < —%w, if ¢ in these equations are replaced by —i.

Remark 3.7. Equations (3.36) and (3.38) are taken from Equations (70) and (72) in [5], with
corrections. The corrections are such that “7” in the first factor in the second term on the righthand
side of (70) and in the first factor on the righthand side of (72) should be replaced by “ — 4.
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With the aid of this lemma, we obtain the asymptotic behavior of the solutions (3.31) and (3.32)
of Equation (3.29) as follows.

Lemma 3.7. Leté¢—a € C\Z«1, 1 —a+b€C\Zc1 and 1 +b— € C\Z<1. Then

2 FRi(—al—a+bz)=€"2"" 1Fi(1+b—&1l—a+b;—2) (3.39)

_ i(é—a)mw 7ar(1_a+b) i—al— b:

e 7F(1+b—E)U(C a; a+b;z)
sox Tl —atb) . i .
4! T8 %e 27 U(l+b—¢l—a+be "z), (3.40)
where
2U@E—a;1—a+bz) =2 oFy(¢—bé—a;;—2 1), (3.41)
T OT T (14 b— &Gl —a+bie T2)=e 2 T R (1—é+a, 1+b—¢ 27 ).

(3.42)
Lemma 3.8. Lemma 3.7 in which a and b are exchanged holds.

Comparing (3.41) and (3.42) with the corresponding equations in Lemma 3.8, we see that the
lefthand sides of these equations are equal with themselves with a and b exchanged. When we put
A=¢—band B=1+4a— b, the equations showing these are expressed by

U(A;B;2)=2""PU(1 +A—- B;2 - B;2), (3.43)
BN EU(B — A;Bie m2) =TI 2 TBU(1 — A2 — Bye 2), (3.44)

See Sections 13.1.29 and 13.1.30 in [8].

In discussing the asymptotic behaviors of the solutions given in Lemmas 3.6~3.8, we use the
following lemma; See Sections 13.5.3 and 13.5.4 of [8].

Lemma 3.9. Let 0 < e € 1, 2Fy(a,b;; z) be the asymptotic expansion of a function f(z) near the
origin, and fn(z) := ZkN:O %zk for N € Zso. Then there exist N € Zso and r € R, for
which |fn(2) — f(2)] <, if |z] <r.

Based on this lemma, we obtain

Remark 3.8. For the solutions given by (3.35) and (3.39) and the corrsesponding solution in
Lemma 3.8, (3.36) and (3.40) show that Stokes’ phenomenon occurs; See Section 7.22 in [9] for
this phenomenon. For instance, the asymptotic behaviors given by (3.37) and (3.38), which are
U(A, B,z) and e*U(B — A, B,e”"™z), are observed for the solution given by (3.35) as |z| — oo, for
Re z < 0 and Re z > 0, respectively.

3.4 Solutions and asymptotic solutions of (2.2-1) for |z| — oo and
|z| — 0, respectively

We consider Equation (2.2-1) with ao,1 # 0 or ao,0 # 0 or both, for which we have the solution given

by (2.12). In this case, Lemma 3.2 shows that (3.3-2) holds, and Remark 3.1 shows that (2.1-2)

and (2.7), with a2, a1,2, ao,1, a, b, é, ¢ and ¢ replaced by az2,3, —ai,1, ao,0, —a, —b, —c, ¢ and =z,
respectively, hold, so that

da(x)=x" 1 Fi(a—c;14+a—b; al’lx), by () = b \Fi(b—c1—a+b; al’lx). (3.45)
a2.3 a3

10
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Weput az3 =8, a11 =1, 2=t ¢ =2, () = v(x) and w(z) = u(t). Then (2.2-1) and (3.3-2)
are expressed by

2
CCZT-I—cw-l-(Sz[z -(fi—w—i—(l—i—&-i-b)z-ccll—w—f—&bw]:O, (3.46)
d*w dw | >
2 e
o[¢” - a +(1—a—b)- @ + abw] — ¢* - CTC + cCw =0, (3.47)
and we obtain the following solutions of (3.46), with the aid of (2.12) and (3.45):
U (2):=06 “Y_c(t) = (02) - 2Fo(@—c,b—c;; —62), (3.48)
b_a(z):= 57%&( )= (62)"" 1F(@— ¢ 14a—b;(82)7), (3.49)
(=) =6 "0(a) = (02) " (B -1 —a+ b (02) 7). (3.50)
Whenb=0, A=—, B=1-—dand § =1, (3.47) is Kummer’s equation:
o | 5 do b
¢ dCQ+B GG Av=o. (3.51)

and the solution given by (3.50) becomes 1F1(A;B;z71). The asymptotic behavior near the origin
of 1 F1(A; B; z71) is obtained by replacing A, B and z in Lemma 3.6 by A, B and 27!, respectively,
as follows.

Lemma 3.10. Let A € C\Z<«1, Be C\Z<«1 and B-Ac C\Z<1. Then

VFL(A; Bz Yy =" (B - A; By —27Y) (3.52)
— ¢iAm 711(3) - U(A; B; zfl) + ei“é*A)"LBi)el/zU(B — A, B; eii”zfl), (3.53)
(B - A) T'(A)
where
U(A; Bz =2 sFo(1+ A— B, A;; —2), (3.54)
ei(éﬂa)”el/ZU(B —A;Bje "2 —el/7yATE 2Fo(1— A, B — A;;2). (3.55)

Remark 3.9. In Remark 3.6, it was stated that (3.36) with (3.37) and (3 38) holds valid for
ir < argz < 37, and hence (3.53) with (3.54) and (3.55) holds for for —im < arg(z™") < 2m
o) that for =37 < argz < gm If all i in (3.53)~(3.55) are replaced by —i, (3.53) with (3.54) and

(3.55) are vahd for —im < argz < 2.

We note that we obtain the asymptotic behavior near the origin of the solutions given by (3.49),
by replacing a, b, ¢ and z in Lemma 3.7 by —a, —b, —c and 2~ !, respectively, as follows.

Lemma 3.11. Let —c+a € C\Z<1, 1+d—b € C\Z<1, and 1 —b+c € C\Z<1. Then

2P (—ctalta—biz D=V R(1—btelia—b—z Y (3.56)
= ei(_c+&)wz_&7r(1 * = b) U(—c+a;l+a—bz")
I'(1—b+c)

i(1—irerm D(1+a—b) _ Cim -
i(1—b+c)m Yz, —arrcp g 1 — b im =1 3.57
vo GrabDor o -bratva-be ™), 650

where
U (—c+al+a—bz )=z 2Fy(—c+b,—c+a;; —2), (3.58)
ei(175+c)”el/zz7aU(1 —b+c;1+a— b eii”zfl) — el/zpetl=b-a, 2Fo(l4+c—a,1— b+c;; z).

(3.59)

11
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Lemma 3.12. Lemma 3.11 in which @ and b are exchanged holds.

Remark 3.10. We note that the three equations (3.48)~(3.50) correspond to (3.31)~(3.33) in
Section 3.3. The behaviors at |z] — oo and |z| — 0, of the second set of equations, must describe
the behaviors at |z] — 0 and |z| — oo, respectively, of the first set of equations. In particular, from
the Stokes’ phenomenon described in Remark 3.8 for the second set, we expect Stokes’ phenomenon
at |z — 0 for the first set as follows. Asymptotic behaviors for U(A, B,z~!) and Y*U(B —
A, B,e”"™271) are observed for the solution given by (3.52) as |z| — 0 for Re z < 0 and Re z > 0,
respectively.

3.5 Behaviors of the solutions of (2.1-3) for |z| — o

We consider Equation (2.1-3) with ag1 # 0 or ag,0 # 0 or both, for which we have the pair of
solutions in (2.6). In this case, Lemma 3.2 shows that Equation (3.4-2) holds, and Remark 3.1
shows that (2.1-3) and (2.6), with a2 3, a2,2, a, b, @, b, ¢ and ¢ replaced by as.2, azs, —a, —b, —a,
—b, ¢ and z, respectively, hold, so that if @ — b ¢ 7,
da(z)=a" yF\(a—a,a—b;1+a— B;—%m),
az,3

é;(w)zazg~2F1(5—a,l~)—b;1—d—&—l;;—ijw). (3.60)

We put az2 =1, az3 = =6, 2z =1, ( = 27, w(z) = u(t) and W(¢) = v(z). Then Equations (2.1-3)
and (3.4-2) are expressed by

d*w dw d*w - dw -
2 2 ~ ~ N
d*® - dw s d* dib
2 ~ ~7 3 2 _
5[C T@ +(1—a—>b) dicj + abw} +¢ TCQ +(1—-a b)C CTC + abCw = 0, (3.62)

and if a—b ¢ Z and @ — b ¢ Z, we obtain the following solutions of (3.61), with the aid of (2.6) and
(3.60):

D_o(2)=0""p_alt) = (02)"* - 2Fi(a —a,b—a;1 —a+b;0z), (3.63)
D_y(2)=06"" ¢_p(t) = (02)""-2Fi(@—b,b—b;1+a—b;8z), (3.64)
D 4(2)=0"" ga(z) = (62)"" - 2Fi(@a—a,a—b;1+a—b;(6z)""), (3.65)
b ;(2)=0" ds(x) = (62)"" 2 F1(b—a,b—b;1 — @+ b (32) ). (3.66)

Whenb=0,A=a, B=b,C=1+aand § =1, (3.61) is the hypergeometric differential equation:
2(1_2)—w+[0—(1+A+B)z]‘;i: — ABw=0. (3.67)
and if C' ¢ Z<o, its solution (3.64) becomes 2F1 (A, B; C} ),

In Section 15.3.7 of [8], and in Section 2.4.1 of [7], we have the following formula, which gives the
behavior near infinity of 2 F1 (A4, B; C; 2):

2F1(A, B; C52) = ?Eg?ﬁg - j; (—2) ™ 3P (A+1—-C,A;1+A—B;zY)
+ ?Ei;;gé — g; (=2) P s (B+1-C,B;1—A+B;z"),  (3.68)

for |z| > 1 and arg(—z) < .

12
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Remark 3.11. This formula can be derived by the method used in deriving Lemma 3.6 in [5]. The
derivation is given in next section.

With the aid of this lemma, we obtain the behavior near infinity of the solutions (3.63) and (3.64)
of Equation (3.61) as follows.

Lemma 3.13. Letc—a € C\Z«1, 1 —a+ b€ C\Zc1, and 1 +b—¢ € C\Z<1. Then

zfa-2F1(&—a71~)—a;1—a—|—b;z):F(}_a+b)r(b_(~l)(—z)7&~2F1(&—b,d—a;1+d—5;z71)
I'(b—a)l'(1+b—a)
+FE}_“+b)r(“_lg;(—z)*5~2F1(B—b,13—a;1—d+l§;z*1)7
a

(3.69)
for |z] > 1 and arg(—z) < 7.

Lemma 3.14. Lemma 3.13 in which a and b are exchanged holds.

4  Solutions of the Hypergeometric Equation with the
Aid of Fractional Calculus
Lemma 4.1. Let £ =0 or £ = co. Then we have solutions of (3.67) given by
wi(6,2) =71 (€) - PDAHAC(1 - )BT, (4.1)
ws(§,2)=73(€) -2 pDITEP T - 2) 77, (4.2)
in [10], where
r2-C) r(C)

’Yﬂ@zma 73(0) = (B’ (4.3)
I(1-A+B) T(1- B+ A)
VI(W)—W7 73(c0) = T(I—C+A) (4.4)

Here the fractional derivative pD{[f(2)] for v = —X satisfying Re A > 0 is equal to

rD7Af(2)] =

1 i A-1
T /5 (z— O L F(O)d, (4.5)

when the integral exists, and pDg[2" (1 — 2)] is assumed to be analytic as a function of v, of k as
well as of \; See [11].

Remark 4.1. In Table 1 in [10], a; and b; for I = 3 are 1 — ¢+ a and 1 — ¢+ b, which should be
replaced by 1 — ¢+ b and 1 — ¢ + a, respectively. In Lemma 4.1, this correction is included.

In [11], pD§ f(2) is defined for a function f(z) which is expressed by f(z) = 2* 7! fi(z), as follows.

Definition 4.1. Let v € C, A € C\Z, Cp(z) be Pohhammer’s path of integration, that is Py :=
(2¢,—¢) = P = z- (1 —¢,—¢), 2¥, 2- (1 — ¢,2¢) — (,2¢), 0T, (e,¢) — 2z - (1 — 2¢,¢), 27,
z- (1 — 2, —2¢) — (2¢,—€), 07, (2¢,—€), where 0 < € < i, — denotes the path along the line
segment from the preceding point to the succeeding point, and z% and 2z~ denote the pathes from
the preceding point to the succeeding point, along a circle around the point z counter-clockwise

13
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and clockwise, respectively, and fi(z) be assumed to be analytic within the path Cp(z). Then if
v ¢ Z<07

e (v 4+ 1)

PDS (2] = 47 sin(Am)

[ -ame e
Cp(z)

_ 1 —ei™eTimA I
" T(—v) 4sin(—vm) sin(r) /CP(Z)(Z*O A, (4.6)

and if v = —n € Zep and x € C, pDy ™[z f1(2)] = lime—sn p Dy " [2* 7L f1(2)].
Remark 4.2. Path Cp(z) may be denoted by C(P,z",0",27,07), where P is a point on the path
from Py to P;.

In the following proofs, we use

Lemma 4.2. Let k € C, A€ C, A€ C\Z«1, k € Z>_1, A’ € C\Z and B € C\Z<«1. Then

B(k,\) = /01(1 —t)" M = % Rek >0, Re A > 0, (4.7)

_ —e I AgTITR PR s PO T'(k)T(N) K
Br, A) = 4sin(Arr) sin(km) /Cp(l)(l QF ¢dC= T(k+A)’ €2, A¢Z. (48)

’ _1\k
T(A+k) = D(A)(A), T(A —k) = %, (—B) BT

See Section 12.43 of [12] for FEquation (4.8).

Lemma 4.3. Let ®1-c(z), ®o(2), ®_a(2) and ®_p(z) be given by (3.63)~(3.66) forb=0, A = a,
B=b,C=14aand §=1. Then

w1(0,2)=P1-c(z), wi(oo-z,2)= (—1)C_~A<i>73(z), (4.10)
w3(0,2) =Bo(2), ws(oo-z2) = (=1 Bd_4(2). (4.11)

Proof. Proofs are given for the two equations in (4.11). By (4.2) and (4.5),
_ o 1 [f e B 1,B 1, A
ws(6 =) = (O gy [ 60T a0 (112)

if the integral on the righthand side exists. We put £ = 0 and { = zz. Then if Re (C — B) > 0,
Re B > 0 and z # 1, we have

w3(0,2) = —B)/o (1—2)° B P71 — z2) *da. (4.13)

When |z| < 1, we have

ws3(0,2) = % Z (—kA) (_l)kzk/o (1 — )0 B 1B 1tkgy

B _
k=0
S 5 (%) N (A)D(C = B)(B+E) 5 = (Ap(B)x & _ L
*F(B)F(C_B)kzzo : RIT(C + k) z szzoﬁz —.F\(A, B;C; 2).
(4.14)

14
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When 0 = arg z, £ = oo - €? and |z| > 1, we put { = %ew‘ Then

i _ I'l-B+A) -B - ! ~B-1_— —1\—
wg(oo.eg’z)_I‘(l—C—i—A)F(C—B)( 1) P(—2) A/ (1—2)° 21—z e
___T0-BEA) e AZ AWL(C—B)I(1—C+A+k) 4
I'l-C+ATI(C-B) ET(1-B+A+k)
:(—1)0_3(—z)_A-gFl(A—|—1—C,A;1—B—|—A;z . (4.15)
O

Lemma 4.4. Let Re (C — B) >0, Re B > 0, |z| > 1 and arg(—z) < w. Then ws(0, z) given by
(4.13) is expressed by

[(C)D(B — A)

m(_z)_A'2F1(A—C+1,A;A—B+1;z_l), (4.16)

w3 (0, 2) =

Proof. By using (4.13), we have

w3 (0;2) = %/@ (1—2)9 B P11 — zz) Yda
L) (=2)"" e OB emimBA) _ mC-B-1,.B-1-4; 1._a
F(B)F(C B)4sm[ (C — B)]sin[r(B — A)] /Cp(l)(l % ¢ (1 zC) d
L(C)(=2)~"
“T(B)T(C - B)
—e B B (AN, K=k _ A\C—B-1,.B-1-A—k
4sm[7r(C B)]sin[r(B — A)] P 0( k )( 1) ‘/CP(1>(1 <) < d¢
N i (%) Aim B)L(B—A—Fk)

TB)(C =B " KID(C — A — k)

I'(C)T(B — A ~ (A)p(A—C+ 1)y,

T(B)T(C — 4)" AZO R(A—B+ 1) =t (4.17)

O

Remark 4.3. By the derivation of ws3(0, z) given by (4.16) in Lemma 4.4, we see that it is an
analytic continuation of 2 F1 (A, B; C; z) to the domain given by |z| > 1 and arg(—z) < m. We note
that 2 F1 (A, B; C; z) does not change when A and B are exchanged, and hence w3 (0, z) obtained from
(4.16) by the exchange of A and B, must be another analytic continuation of 2 F1 (A, B;C'; z). The
sum of these analytic continuations is expressed by (3.68), which is seen to be a linear combination
of (3.65) and (3.66) for 6 = 1.

5 Conclusion

In [1], it is proposed to use the expression of the differential equation with polynomial coefficients,
in terms of blocks of classified terms. The differential equation with only one block is called Euler’s
equation, which is easily solved. In [1], the solutions of the differential equation of two blocks are
studied, where the solutions of the form (1.12) are expressed by the generalized hypergeometric
functions. In particular, the solutions of Equation (1.10) of the second order are expressed in terms
of the four functions given in (1.13) and (1.14). That part of the results is summarized in a theorem.
In Section 2 of the present paper, we reproduce it as Theorem 2.1. In Section 3, we show that the
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solutions applicable near infinity are obtained with the aid of the solutions given in the theorem,
and then discussion is given of the behaviors near infinity of the solutions given in the theorem.

In [5], the asymptotic behaviors as t — oo are discussed for the confluent hypergeometric function,
which is a solution of Kummer’s differential equation, in the standpoint of fractional calculus, where
the solutions are near the origin, are near infinity and asymptotic solutions are of the solutions near
the origin as t — oo, for Kummer’s equation. In Sections 3.3 and 3.4, we show that the solution
near infinity that is of the form (1.15) is easily obtained from the solutions given in the theorem in
Section 2, for Equation (1.10) for I = 2. Discussion is also given on the behaviors of the solution
given in the theorem as ¢ — oo. The results for the solutions of Equation (2.1-2) are obtained with
the aid of the results in [5].

In [10], Kummer’s 24 solutions of the hypergeometric equation are derived in the standpoint of
fractional calculus. The results are used to discuss the behaviors of the solutions of Equation (2.1-
3). In Section 4, by using the solution obtained by fractional calculus, an argument is given to show
how the behavior near infinity is obtained from the solution near the origin.

In the present paper, we focussed attention to the solution of Equation (1.10). In the preceding
paper, it was mentioned that the solutions of an equation described by (1.9) for m > 1 are obtained
from those of an equation described by (1.10) by a change of variable.

In Section 3.2, we derive a solution which is not expressed in the form (1.12) for Equation (1.16),
as an example.
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