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Abstract

In this article, the determinant of tridiagonal Toeplitz matrices is determined recursively and explicitly. The method used is
descriptive exploratory the journal written by Fitri Aryani. The inverse of tridiagonal Toeplitz matrices is calculated using
the adjoint method, but the determinant and adjoint of the matrices are based on the recursive calculation of the determinant.
With this approach, the formulas for the determinant and inverse of tridiagonal Toeplitz matrices can be formulated clearly
and efficiently. This study demonstrates the effectiveness of the method used in simplifying computations and provides an
algorithm for the formulation.
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1 Introduction

The tridiagonal Toeplitz matrix often appears in several applications, such as the discretization of differential equations,
which are related to the solution of a difference equation, which is needed to determine the solution of a differential equation
problem (Noschese et al., 2013). In addition, the tridiagonal Toeplitz matrix can be used in time series analysis and discrete
mathematics (Da Fonseca and Petronilho, 2005). Furthermore, the explicit inverse of a tridiagonal Toeplitz matrix can be used
to calculate values such as the trace of the matrix, row sums, and their bounds, as well as to apply it to autoregressive AR(1)
models with noise. This is relevant for statistical data modeling and other applications in economics, quantum mechanics,
and signal processing (Wang and Zhang, 2016). The characteristic of this matrix is that it has nonzero elements on the
main diagonal, subdiagonal/bottom diagonal (first diagonal below the main diagonal), and supra-diagonal/top diagonal (first
diagonal above the main diagonal). In contrast, the other elements have a value of 0. Based on this characteristic, the
determinant formulation recursively and explicitly, and the inverse can be done with efficient proof steps. The following is an
explanation of the tridiagonal Toeplitz matrix. Let A,, =ToeTrDl[a, b, c,n] be a tridiagonal Toeplitz matrix in order n X n of the
following form.

b c o -~ 0 0 o0
a b c - 0 0 0
0 a b -~ 0 0 O
Ap=1. . . ) ) . . (L.1)
0 0 0O - a b c
o o o0 - 0 a b

with a,b,c # 0, € R. (Salkuyeh, 2006) (Zhang, 2005) (Bhimasankaram et al., 2000)

The problem in the tridiagonal Toeplitz matrices study is determining the matrix’s determinant and inverse. Researchers
have developed research on the determinant and inverse of the tridiagonal Toeplitz matrix. In Bakti Siregar (Siregar et al.,
2014), theorems about the determinant of the Toeplitz matrix, cofactors of the Toeplitz matrix, and the inverse of the Toeplitz
matrix were derived. Subsequently, Fitri Aryani (Aryani and Corazon, 2016) derived the theorem about the determinant of the
tridiagonal Toeplitz matrix, cofactors of the tridiagonal Toeplitz matrix and used the adjoint method to determine the inverse
of the tridiagonal Toeplitz matrix. Based on the background above, this article will discuss the determinant of tridiagonal
Toeplitz matrices using recursive and explicit methods and the inverse based on a recursive algorithm. Implementing this
theorem’s development is expected to exhibit more efficient performance.

The determinant and cofactor of the tridiagonal Toeplitz matrix of the previous research are presented in lemma 1 and lemma
2 as follows.

Lemma 1. Given A, = ToeTrD|a,b,c,n| a tridiagonal Toeplitz matrix of size n > 3 with a,b,c # 0, € R the determinant of
the matrix A, is

n-3 1 2 n—=>5
A =b" — (n—Dab"2c+ Y ia®b" "2 — (Z Y it Y i) A0S
i=1 i=1 i=1

i=1

(n— 9)

+[(";7)§ (n— 8>Z,+ /;‘*---Higi}a“b”*s&

_ -<"*9;(ln*8) ;):l:li+ (,,,10 g tg}a%"fmcs

' ("71”("710)(" : g nilzxn;z“)nim)gi (12
+.. 4-1”;1 [}06,,’: 11,6

B -(nf13)(7!*124)‘(!71711)(71—10) ,.):]:1'
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The cofactor matrix can be determined using the equation C;; = (—1 Yi*iM; j» such that the general form of the cofactor matrix
becomes a tridiagonal Toeplitz matrix of order n X n, as presented in the following Lemma 2.

Lemma 2. Given A, = ToeTrD|a,b,c,n)] a tridiagonal Toeplitz matrix of order n > 3 with a,b,c # 0,€ R, the cofactors of
the matrix A, is

DA (1l (—1)a2a,| (—1)Hign!
(D%l (~1*ArllAu| C)a A A (-1 2a Ay
DAl DAl e ()P A A (=1
C, = | VA Al 1Sl (1| (13)
AL (OB ANAL e (S RAASL (— 1) 2alA |
(et (R (<) ] (=Dl

From the cofactor matrix above, the adjoint of the matrix can be determined as follows.

(-124, 1] R B e ] (-1t
1Al DA e afanl ()R
sl DY (GBS (-1 g
adjiay) = | CD0@ sl (<10 Wa Ay ] (—1)™3eSlay gl (14| (1.4)
(1A (1A Ay P 2aliAs] (1"l
et e G Al (1A

After determining the determinant and adjoint of the tridiagonal Toeplitz matrix, the inverse of the tridiagonal Toeplitz matrix

can be determined as follows: .
-1 _

" det(A)

adj(A) (1.5)

(Heinig and Rost, 1984) (Gray, 2005)

Based on the explanation of the above theorem, determining the determinant is explicitly defined as the value of a single
matrix determinant. Meanwhile, the determinant is explicitly determined when finding the cofactor matrix to determine the
inverse repeatedly. Therefore, in this article, a theorem related to the recursive determination of the determinant will be
constructed, which involves determining subsets of determinants of matrices. This data is then utilized to determine the
inverse of tridiagonal Toeplitz matrices.

2 The Determinant and Inverse Formulation

In this section, we will discuss determinants, inverses, and algorithms for determining the determinant and inverse of tridiagonal
Toeplitz matrices.

2.1 The determinant of The Tridiagonal Toeplitz Matrix

The following will be derived from the formula for calculating the determinant of a tridiagonal Toeplitz matrix, both recursively
and explicitly.

Theorem 1. The determinant of the tridiagonal Toeplitz matrix A, = ToeTrD|a,b,c,n|, denoted as det(A,) = dy, and d,, is
obtained recursively as follows:

Recursive basis: dy = b and d» = b* — x, with x = ac.

Recursive process: Foralln € Z andn > 3, d,, = bd,,_| — xd,_».
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Proof. Proof of the theorem using direct proof.

Recursive basis: d; = b and dy = b* — x, with x = ac.

Recursive process for n = 3:

b ¢ O
di=l|la b ¢
0 a b
b ¢ a c
=bla b0 b
= bd, — c(ab)
=bdy —xdy, withx=ac
In general, for n € N, such that
b ¢ 0 O a ¢ O 0 O
a b ¢ 0 0 0 b ¢ 0 0
0 a b 0 0 0 a b 0 0
d,=b —c

o
.-
S

)

i 0 a b ¢ 0o .-
o - 0 0 a b 0O - 0 0 a b
=bd,_1 —ac(dy—2)

=bd,_| —xd,_», withx=uac.

S -

O

Theorem 2. The determinant of the tridiagonal Toeplitz matrix A, = ToeTrDla,b,c,n], denoted as det(A,) = d, and d,, is
obtained explicitly as follows:

/2l .
di=Y (71)1< ; )b”’z’x’ ,¥neN
i=0

Proof. Proof of the theorem by using mathematical induction(Burden and Faires, 2020).

Basic Induction : n =1

det(A;) = |Ai|=1b|=b
o 0(2-1\,10
= (-1 ( ; b'x

Induction step:

[k/2] _ .
Assumed, = Y (—1) (klf’) b*2ixl, true Vk € N, will be proven correct for
i=0
[(k+1)/2] e .
diy1 = ,ZO (_1)l(k+} l)bk+1721xl.

In this section, two cases will be proven.
1. For the case kis even, let [ 4] = |51 | =4 and 551 ] = & — 1, then will be proven correct for dj
k+1/2 :
_ L +Z/ J(—])l (k"‘ll - l) bk+172ixi.
i=0
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Based on Theorem 1, dy| = bdy — xdi_1, we have

k2] k=2i i /2 k—=1—i\ r1-2i i

deyr = b Z b X Z i b *
k 2 k/2-1 .

_ / <k >bk+1 2 _ /Z (1) (k*:*l) ph—1-2i i+l

i=0

() ()

g (—1)l2 [GZ) n (k/kz/z 1)} N

if and only if

et P T k=i (k=i\] et 2
diyy = b +Zi(_1)lK . )+(i71)]b“* ixi

=

[k+1/2] ) . o
> (—1)’("+1 l)bk+l_21x'

i

2. For the case of k is odd, let Lkﬂj = k%l and [%J = LI‘*TIJ = ]“Tl , will be proven correct for dj
_ I-k+zl"/2j(—l)l (k+ 1 71) bk+]_2ixi
i=0 !

Based on Theorem 1, dj41 = bdj, — xdi_1, we have

Lk/zj . k*l k—2i i L(k_1>/2J ) k*l*l k—2i i
dis1 = bY (71)’( ; )b hl-x Y (71)1< ; >b 2y
i=0 i=0

PR (kI 1) P (k;2) p32 (kg3) PSS 4

+ (=D ED/2p2 k)2
B (bk*1x+ (k;2) P32 (k;?’) b33 +...+(_1)(k71)/2x(k+1)/2)

) (e () ()

- R () (R

if and only if
k+1/2 .
okl i | (k=i k=i | per1-2i i
dey = b+ ;( 1) K ; )+(_1)}b
k+1/2 .
_ H”(1)"("“‘)bk+'2fxf
= !
[n/2] n—i .y
so dy= Y (=1)F (") b ,vneN. O
i=0
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2.2 The inverse of The Tridiagonal Toeplitz Matrix

An exploratory illustration will be provided for cases n = 6 and n = 7 to determine the inverse of a tridiagonal Toeplitz matrix.

Lemma 3. Let a tridiagonal Toeplitz matrix Ag =ToeTrD[a, b, c,6].
If |dy,dy,d3,dy,ds,dg] sequence of submatrix determinants Ag, which has been computed based on Theorem 1, the inverse of
matrix Ag can also be efficiently formulated as

ds —cdy 2ds —-3dy Ad, —
—ady  didy  —cdids  Fdidy  —3diP Ady
P a*dy  —adidy  dads  —cdy®  Adidy  —Pdy
T ds —a3d1 a2d1 dy —ad22 dords —cdyds 62d3
a4d1 7a3d| 2 a2d1d2 7ad1d3 d] d4 7Cd4
-a a*d; —ddy a’ds —ady ds
Proof. According to the definition of the inverse, Al = di(‘ ((Xl"j)?‘jzﬁ with o ; = (— l)iﬂ'M,-j and M;; is minor of row to— j

, column to—i from matrix A for all i,j = 1,2,3,...,6 applies :

1. The entries of the main diagonal o;; = 07_; 7—; for i = 1,2, 3 and formulated as follows.

0, = Oge =ds 02 =055 =didy 033 = Oy 4 = dod3

2. Inthe entries of i+ j = 3 and i # j, obtained o; j = 07 7_; and formulated as follows.
Q=056 = —cdy 02,1 = Olg 5 = —ady

3. In the entries of i+ j =4 and i # j, obtained o; j = 07 7; and formulated as follows.
03 =046 =c’d; 03,1 = Olg4 = a’ds

4. In the entries of i+ j = 5 and i # j, obtained o; ; = 07 7—; and formulated as follows.
Q4 =036=—Cd 041 =03 =—a’dy
O3 =045 = —cdd; 032 =054 = —adids

5. Inthe entries of i+ j = 6 and i # j, obtained o; j = 07 7—; and formulated as follows.
a5 =06 =ctd s, = O p = a'd
04 =035 =c’did> Oy =053 =a’didy

6. In the entries of i+ j =7 and i # j, obtained o; j = 07 7—; and formulated as follows.
(11,6 = 7C5 OC6,1 = 7615
(X275 = 7C3d12 052 = 7a3d12
034 = —Cd% Oy 3 = —ad%

Lemma 4. Let a tridiagonal Toeplitz matrix A7 =ToeTrD[a,b,c, 7).

If [d1,d2,d3,dy,ds,dg,d7] sequence of submatrix determinants A7, which has been computed based on Theorem 1, the inverse
of matrix A7 can also be efficiently formulated as

de —cds A2dy —3d3 s —3d, 0
—ads dids —cdidy  Adids  —didy ctd? —3dy
| a*dy  —adidy dady —cdhdy  2di -Sdidy  tap
A;l =T —d3d3 a*dyds —adyds d% —cdyds c2dydy —3ds
atdy  —ddidy APy —adyds  drds —cdidy  Pdy
-a’d,  d*d?  —d’didy a*dids  adids dds cds
at —a°d; a*dr —d3d3 a?dy —ads de
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Proof. According to the definition of the inverse, it can be written that
Al = d—l7 ((Xi’j)zj:7 with o ; = (—l)HjM,'j and M;; is the minor of row to —j , column to—i from matrix A for all i, j =
1,2,3,...,7 we have :

1. In the entries of main diagonal o; ; = 0ig_; g—; for i = 1,2,3,4 and formulated as follows.

o =077 =ds 0o =066 =dids
033 =055 =drds 044 = d3

2. In the entries of i+ j =3 and i # j, obtained o; j = 0ig_j g—; and formulated as follows.
2 =067 = —cds 0] =076 = —ads

3. In the entries of i+ j =4 and i # j, ,obtained o; ; = 0ig_j g—; and formulated as follows.
013 =057 = dy 03,1 =075 = a*dy

4. In the entries of i+ j = 5 and i # j, ,obtained @;; ; = 0ig_ ;g ; and formulated as follows.
04 =047=—cds Oy =074 =—a’d;
Q3 =056=—cdidy 032 =05 = —adidy

5. Inthe entries of i+ j = 6 and i # j ,obtained o; j = &g j g—; and formulated as follows.
a5 =037=ctd as) =o0g3=a‘d
04 =046 =c’dds Oy = O 4 = a’dyds

6. In the entries of i+ j =7 and i # j, ,obtained o; ; = 0(g_ j g—; and formulated as follows.
U6 =0p7 = —cd) 06 =07, =—a’d
U5y =036 =—cdidy 052 =03 = —a’dids
034 =0y 5 = —cdard; 043 = 054 = —adyd3

7. Inthe entries of i+ j = 8 and i # j ,obtained o; ; = Oig_j g—; and formulated as follows.
o7 =c° og,1 = a®
A6 = C4d12 Qg2 = a4d%
A3 5 = Czd% 53 = azd%

O

From the results of the explorations in Lemma 3 and Lemma 4, the inverse of the tridiagonal Toeplitz matrix A, for each
n € N is provided in the following theorem.

Theorem 3. Let a tridiagonal Toeplitz matrix A,, =ToeTrDl[a, b, c,n].
If [d1,da, ....,dy—1,dy] sequence of submatrix determinants Ay, which has been computed based on Theorem 1, and defined
do =1, then the inverse of matrix A, is

A7 = (o)

n
i.j=n
with:
. L. S 1
1. In entries of the main diagonal 0 j = Oy 1—jpt1—i = di—1dp—; withi=1,2, ..., \_%J

2. The entries matrix is formulated as follows:

(@) Oj=0Cpy1—juy1—i=ke!™

(b) Ojj=Cyp1—ipt1—j=kal™
fori=1,2,. [ and j=(i+1),(i+2),...(n—i+1) withk= (1) d;_ydy_1_j+;

Proof. Inverse of the tridiagonal Toeplitz matrix A, can be expressed as
Al = i(aisf)Zj:n with o; ; = (—1)/+’Mﬁ and Mj; is the minor of row to—j, column to—i from matrix A for all i, j =
1,2,...,n subsequently applies :
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1.

In the main diagonal entries can be expressed as O; = O, 1—j p+1—; fori=1,2
0,1 = Oy =dody—1 =dyp—1

.| "L | and formulated as follows:
(XLnJ:IJ LVH»IJ =0y—1n 1=0€n+1 L%jnﬂ L%J
2. In entries of the matrix fori = 1,2

BRI LS
o5l and j=(i+1),(i+2),

(@ a; j = OQnt1—jntl1—is with k

(=1)Md;_ydyy— i

(n—i+1) can be formulated as follows
to prove this case:

fori=1land j=(i+1),(i+2)
012 =0p—10= —ke?!

(n—i+1), so a; j can be formulated as follows
= —cdodp— = —cdy 2
oy = (_1)n71kcn71 _ ( 1)" lcnild()do _ (_])nfl n—1
ii. In entries of matrix fori=2and j = (i+1),(i+2),...,(n—i+ 1), o ; can be formulated as follows
003 =0y 2,1 = —ke % = —cdid, 2
Oy = (1) ke"3 = (= 1) 1" 3dydy

In entries of matrix for i = |5 ] and j =
O ) 241 = Opg 2] nt1—|

(i+1),(i+2), .
o) = (~1)2L8 ke =

i ., (n—i+1), o j can be formulated as follows
Fke= (1) L%Jﬂch%J 1du_n

g g1 = (1) ke 2L = ()2l dyy s
(b) a;, = Oyt 1—int+1—j with k = (—1)i+jdi71dn 1= jti
to prove this case:

i. Inentries of matrix fori=1and j = (i+1),(i+2)
0,1 = Oy 1 = —ka*~!

(n—i+1), oy j can be formulated as follows
—cdodp—2 = —ady—
— (=1 n+lk n—1
Oy = (=1)"" ka

( l)n+lan71d0d0:(_1)n+l n—1
ii. In entries of matrix fori=2and j = (i+1),(i+2)
032 = 0p—10—2 =

,(n—i+1), a; ; can be formulated as follows
—ad\dy_» = —adyd, >
Op_12 = (_1)n+1kan73

_ (_1)n+lan73dld2
In entries of matrix for i

= 3] an
gli1lg) = Onvi-lgl -1z

5 =(i+1),(i+2),...,(n—i+1), o j can be formulated as follows
! n-l5] =
(=02 ka = (—1)?15 0 ad s _ydy s
Oy (a1 13) = (— 1) ka2 =
(- 1)n+1 ”*A’ﬂ*ld

15119213 )+2
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2.3 Computational remark

In this subsection, we provide a simple illustration to explain the formula for calculating the determinant based on Theorem 1
and the inverse based on Theorem 3. Then, considering that illustration, we construct an algorithm.

Example 1. (Simple illustration) Let As = [1,—2,1,5| withb = —2,a = ¢ = 1. Using Theorem I, we obtain the [-2,3,—4,5,—6],
where dy = 1 is define. Appplying Theorem 3, the inverse of the matrix As is given by:

5 4 3 2 1
|4 8 6 4 2
Al'=—213 6 9 6 3
612 4 6 8 4

1 2 3 45

From the illustration above, the determinant of matrix is determined recursively, resulting in a subset of the matrix determinant.
To determine the determinant, some data can be stored for the subsequent process of calculating the inverse. Therefore,
the computational process can be performed within single function and in parallel to achieve a high-speed and efficient
performance.

Algorithm 1. INPUT I : DetToeTrD/[a,b,c,n]
OUTPUT 1 : [dy,d3,d5,...,dy] ; subdeterminan of tridiagonal Toeplitz matrix

1. xa-c; dy+<b;, dy<b*—x.

2. L+ [d1,dr]; j<+2

3. foriwhile j <ndo
u+b-L[jl—x-L[j—1]
L« [op(L),u]
j—j+1

end do
4. return(L)

(Golub and Loan, 2013) (Bini and Pan, 1994)
The data generated by Algorithm 1 will be utilized to determine the inverse in the following Algorithm 2.

Algorithm 2. INPUT 2 : InvMToeTrD[a,b,c,n]
OUTPUT 2 : inverse tridiagonal Toeplitz matrix A;l

. SeqDet < DetMToeTrD(a,b,c,n);  dt < SeqDet[n]

. L+ [1,0p(1..n—1,SeqDet)]; C < [seq(c',i=0.n—1)]
. A< [seq(a,i=0.n—1)]

M + Matrix(n)

. m < floor(n/2)

. forifrom 1tomdo

S NIV

e L1
Mii] < u; Mn+1—in+1—il<u
Jor jfromi+1to (n—i)do

k (=1) L[] - Lin— j+1]
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u+k-Clj—i+1]/de
Mli,jl<u Mn+1—jn+1—il«+u
u«k-Alj—i+1]/de
M[j,il«u; Mn+1—in+1—j]<u
end do
l+—n—i+1
k< (=1 L[].Lln—1+1]
u+ kCll—i+1]/de; Mli,l]+u
u—kA[l—i+1]/dt; MJLi] < u
end do
7. ifnmod 2 = 1 then
im+1
u < (L[d].L[i])/dt
Mlii] < u
end if
8. return(M)

(Bini and Pan, 1994)

3 Concluding Remark

The determinant of the tridiagonal Toeplitz matrix can be determined recursively and explicitly for a given size. Both types
of determinants are presented in Theorem 1 and Theorem 2. Theorem 2 represents a simplified form of Lemma 1 as written
by Aryani and Corazon.

In determining the inverse of the tridiagonal Toeplitz matrix,based on the recursive determinant is also presented in Theorem
3. This subset of determinants is used to determine the entries of the inverse matrix based on established rules. Finally,
we develop an algorithm to find inverse of the tridiagonal Toeplitz matrix utilizing the recursive method in determinant
computation.

Disclaimer (Artificial Intelligence)

Author(s) hereby declare that generative Al technologies such as Large Language Models, etc have been used during
writing or editing of manuscripts. This explanation will include the name, version, model, and source of the generative Al
technology and as well as all input prompts provided to the generative Al technology.

Details of the Al usage are given below:

1.Name and Version: ChatGPT

2.Usage: Used to check and refine the syntax of Python code for calculating the determinant and inverse of tridiagonal Toeplitz
matrix.

3.Input Prompts: Check the syntax and correctness of this Python code for finding the determinant of a tridiagonal Toeplitz
matrix.[The code can be seen on algorithms 1 and 2]
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