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Abstract

Kathiresan and Marimuthu were the pioneers of superior distance in graphs. The same authors put forth the
concept of superior domination in 2008. Superior distance is the shortest walk between any two vertices
including their respective neighbours. The minimum superior dominating energy E,;(G) is defined by the
sum of the eigenvalues and it is obtained from the minimum superior dominating n X n matrix A.;(G) =
(e;j). The minimum superior dominating energy for star and crown graphs are computed. Properties of
eigenvalues of minimum superior dominating matrix for star, cocktail party, complete and crown graphs are
discussed. Results related to upper and lower bounds of minimum superior dominating energy for star,
cocktail party, complete and crown graphs are stated and proved.

Keywords: Minimum superior dominating set; minimum superior dominating energy; superior distance;
superior neighbour; superior dominating eigenvalues.

*Corresponding author: Email: tejaskumaarr@gmail.com;

Asian Res. J. Math., vol. 20, no. 1, pp. 62-69, 2024



Tejaskumar and Ismayil; Asian Res. J. Math., vol. 20, no. 1, pp. 62-69, 2024; Article no.ARJOM.113097

1 Introduction

Kathiresan and Marimuthu [1] were the pioneers of superior distance in graphs. Let D, = N[u] U N[v]. A
D,, walk is defined as au — v walk in G that contains every vertex of D,,,. The superior distance d,(u, v)
from u to v is the length of the shortest D,,,, walk. The superior neighbour of a vertex u is given by ey, (1) =
min{d;(u,v) : v € V (G) —{u}}. A vertex v(+ u) is called a superior neighbourhood vertex of u if
ds(u,v) = es,(u). The same authors [2] “put forth the concept of superior domination in 2008. Superior
distance is the shortest walk between any two vertices including their respective neighbours”. Different types of
domination were also developed [3-4]. A subset D of V is said to be a dominating set, if every vertex not in D is
adjacent to at least one vertex in D. lvan Gutman [5] in 1978 introduced “energy of a graph”. Inspired by
Gutman many authors have explored different types of energy in graph theory [6-10]. Kanna et al. [11] found
“the minimum dominating energy of a graph”. Inspired by Kanna et al. [11] “minimum superior dominating
energy E,,(G) of graphs is introduced in this paper, also E,,(G) of standard graphs, properties of E,;(G) and
bounds of Eg, (G) are studied”.

2 The Minimum Superior Dominating Energy

In this section, minimum superior dominating matrix A, (G) and minimum superior dominating energy E,;(G)
are defined. The E,,;(G) of some standard graphs are obtained.

Definition 2.1: For G = (V, E) the superior neighbourhood vertex set of a vertex u is given by E,(u) =
{v/ds(u,v) =ey () Vu,v €V(G)} Let D be a minimum superior dominating set of G then the minimum
superior dominating matrix of G is a n x n defined by A;,(G) = (e;;), where

1, if v; € Eq,(v;) or vj € E,(v)),
(e) =11, ifi=jandv; €D,
0, otherwise

Definition 2.2: The characteristic polynomial of A.;(G) is £, (G, a) = det (Ay; — al), where [ is the identity
matrix.

Definition 2.3: The minimum superior dominating eigenvalues of G are the eigenvalues of A,;(G). Since
A, (G) is symmetric and real, the eigenvalues are real. The eigenvalues are arranged in non-increasing order

AL =20, 2 = ay.

Definition 2.4: The minimum superior dominating energy E,;(G) of G is defined by
Esq(G) = Xisq |l

Remark 2.1: The trace of A,;(G)= Superior Domination number.

Example 2.1: The R graph consists of 6 vertices and 6 edges given in Fig. 1
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Fig. 1. R Graph
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Table 1. Superior neighbour distance and superior neighbour vertex set of R graph

Vertex Superior neighbour distance Superior neighbour vertex set
d;(v) = min {d;(v,uw)Vu € V(G)} Ew(@) = {u/d;(v,u) = e;,(v)Vu € V(G)}
U1 3 {v2}
(%) 3 {v1, va}
U3 7 {v1, V4, Vs, V6 }
Vs 3 {v2}
Us 2 {ve}
Ve 2 {vs}

The minimum superior dominating sets of an R graph are D; = {v;,v3}, D, = {v,,v;} and D; = {v;,v,}.

1. D1 = {171, v3},

2.
1110 0 0
100 10 0
10111 1
Aa@ =141 10 0 o0
\001001/
001010

The characteristic polynomial £,,(G, @) = a® — 2a® — 6a* + 6a® + 8a? — 2a — 1.

Minimum superior dominating eigenvalues are a; ~ 3.0675,a, =~ 1.5033, a5 = 0.4512,a, = —0.2751, a5 =
—1,a¢ = —1.7469.

Minimum superior dominating energy E,;(G) = 8.044.

3. D2 = {172, U3},

Agy @) =

Socoorr O
COoORO R R
R R Rk O R
cCoOoOR RO
_oOoOR OO
oORr ORr OO

The characteristic polynomial £,,(G, @) = a® — 2a® — 6a* + 6a® + 9a?.
Minimum superior dominating eigenvalues are a; = 3, a, = 1.7320,a; = 0,a, = 0,a5 = —1,a¢ = —1.7320.
Minimum superior dominating energy E.;(G) = 7.464.

4, D3 = {U3, 174_},

Agq @) =

Socoor r O
coro O R
R R Rk O R
COoORR RO
_OoOOoOR OO
orRroORr OO

The characteristic polynomial £,,(G, @) = a® — 2a® — 6a* + 6a® + 8a? — 2a — 1.

Minimum superior dominating eigenvalues are a; = 3.0675,a, ~ 1.5033, a3 = 0.4512,a, =~ —0.2751, a5 =
—1,a¢ = —1.7469.
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Minimum superior dominating energy E,;(G) =~ 8.044.

E;q(G) of D; and D5 is 8.044, but E;;(G) of D, is 7.464. Therefore E;4(G) varies based on the superior
dominating set.

Remark 2.2: The minimum superior dominating energy E,,;(G) depends on the superior dominating set.

Theorem 2.1: For a star graph S,, where n > 2 the minimum superior dominating energy of star Ey;(S,) =
- —1)2 —1)— —1)2
|_1| (n_2)+ (n 1)+\/;n 1)%2+4 (n—-1) \/;n 1) +4.

+

Proof: Consider a star graph S,, with the vertex set V = {v;, v, ..., v,}. The minimum superior dominating set is
D = {v;} where deg(v;) = A(S,) then

1 1 1 1 1 1
1 0 1 1 1 1
1 1 0 1 1 1
Agq (Sn) = : :
1 1 1 0 1 1
\1 1 1 1 0 1
1 1 1 1 1 0/ .xn

Characteristic polynomial is £,,(S,, @) = det (A;4(S,) — al).

l1-a 1 1 1 1 1
1 -a 1 1 1 1
1 1 -« 1 1 1
1 11 -a 1 1
1 11 1 —a 1
1 11 1 1 -«

The characteristic polynomial £,,(S,, a) = (@ + 1) 2(a? — (n — Da — 1)
The minimum superior dominating eigenvalues are
a=—-1((n - 2) time),

o= (n-1)+/(n-1)2+4
2 1
o= (n-1)—J(n-1DZ+4
—,
The minimum superior dominating energy of the star S,, is given by

Esa(Sn) = [-1| (n —2) +

n-1+/(n-1)2+4 n n-1)—J/(n-1)2+4
2 2 '

Remark 2.3: The energy of cocktail party and complete graph is same as star graph.

Theorem 2.2: For a crown graph H, where n > 8 the minimum superior dominating energy of crown

@l [@-fEn] | Jo-nden] | |o-a-fer |

2 2 2

]Esd (Hn) =
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Proof: Let H,, be a crown graph with the vertex set V = {v,, v, ..., v,,}. The minimum superior dominating set is
D = {vy,vn_,} then
2

1 0 O 1 1
0 0 O 1 1 1
0 0 O 1 1 1
Asd(Hn) = :
1 1 1 0 O
1 1 1 0 0 O
1 1 1 0 0 0/ uxn

Characteristic polynomial is £,,(H,,, @) = det (A, (H,,) — al).

l1-a O 0 1 11
0 —a 0 1 11
0 0 -a 1 1 1

1 11 1-a O 0

1 11 0 —a 0

1 11 0 0 -—«a

The characteristic polynomial
L,(Hy, @) = a™™* [az - (g + 1) a+ (g - 1)] [az + (g - 1)a - (g - 1)]
The minimum superior dominating eigenvalues are

a =0 ((n—4)time),

a= > ,
o < Gl
o < Gl
LB

Eg,(H,) = (3+1)+ 2@—1) +4 N (B+1)-[(3-1) +4
3 Properties of Minimum Superior Dominating Eigenvalues

In this section properties of eigenvalues of A, (G) for star, cocktail party, complete and crown graphs are
discussed. Bounds for minimum superior dominating energy E,;(G) of some standard graphs are obtained.

Theorem 3.1: If D is the minimum superior dominating set and a,, @,, ..., @, are the eigenvalues of minimum
superior dominating matrix A, (G) then
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1. Foranygraph G, Y, a; = |D|,

2. Forastar graph S,,, cocktall party and complete graph, Y™, a? = [D| + ¥, |Eq, ()| + (n — 1).
3. Foracrown graph H,, X%, af = |D| + X, |[Esn (v)].
Proof:

1. The trace of Ay, (G) is the sum of eigenvalues of Az, (G).
=1 = Xi=1€; = |D|.

2. For a star graph S,, cocktail party and complete graph, the trace of [A.;(G)]? is equal to the
summation of the squares of eigenvalues of Ay;(G).

D1 = Y+ Yeves = Y et +2 Y

i=1 j=1 i=1 i#] i<j

a

M:

...
1l
_

M:

3=|D|+Z|Esn(v)|+(n—1) [Since,2 ) (e;)’ —Z|Esn(vl)|+(n—1>]

i=1 i<j

~

3. Foracrown graph H,, the trace of [A,;(H,)]? is equal to the summation of the squares of eigenvalues

OfAsd(Hn)-
n n o n n
Z aiz = Z Z €ij€ij = Z(eu) + Z €ijeij = Z(eu)z +2 Z(eu)
i=1 i=1 ]:1 i=1 i*j i<j
n
a? = ID| +Z|Esn(v)| [Since,2 ) (ey)’ ZlEsn(v )]
i= i<j

Theorem 3.2: For a star graph S,,, cocktail party and complete graph, if D be the minimum superior dominating
setand W = |det Ag4(G)] then

D1+ Y [Een @] + (1= 1) + 12 = DW < By (6) < n(Zwsn(vm +-1+ |D|>

i=1 i=1

Proof: By Cauchy schwarz inequality (X, a;b;)?> < X, a?)(X, b?). If a; = 1 and b; = q; then

2

(2) =(2) )

(Eqa(6))? <n (|D| + ) B @] + (- 1))

= Esa(6) < n<|D| + D |l + (1 - 1))

i=1

Since the arithmetic mean is not smaller than geometric mean
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1
nn-1)

R ) | o e N

l¢j

—1)2'“ | = Idet A, (67 = Wi

1#]

2
Zlail laj| = n(n — 1DHWn

i#j

Now consider

(Esa(®)” = (Z |ai|>2 = (Z |ai|>2 + Z|ai| a1

1#]

(Esq(6))*

<|D| + ) B )] + (0 - 1)) +n(n—DWa

i=1

Eq(6) 2 <|D| AR 1)) +n(n— D)W

i=1

Theorem 3.3: For a crown graph H,,, if D be the minimum superior dominating set and W = | det Ay;(H,) |
then

|D| + ZlEsn(vi)l +n(n— 1)W% < Egq(Hy) < n<Z|Esn(vi)| + |D|>

i=1 i=1

Proof: The proof is similar to Theorem 3.2.
Theorem 3.4: If a,(G) is the largest minimum superior dominating eigenvalue of A,;(G) then

IDI+ZF 1| Esn(w)|+(n—1)
n

1. Forastar graph S,,, cocktail party and complete graph, a,(G) =

D+ X7 | Esn (@)

2. Foracrown graph H,,, a; (H,) = ”

Proof:

1. In a star graph S,, cocktail party and complete graph, let Y be a non-zero vector, then by ref. [12],

Y Agq(G) Y
oy (Asa(6) =pisy P hsa®Y
v’ Agq(G) U — |D|+Z?=1|Esn(”i)|+(n_1)

. where U is the unit matrix.
u'u n

0!1( Asd (G)) =

2. Inacrown graph H,, let Y be a non-zero vector, then by ref. [5], a; ( Ayq (Hy)) =ved %(f")y

U Asg(H) U _ IDI+ZT4|Esn())]

: where U is the unit matrix.
u'u n

0!1( Asd (Hn)) =

4 Conclusion

In this paper minimum superior dominating energy of graph is introduced. The minimum superior dominating
energy for star and crown graphs are computed. The properties of eigenvalues of A, (G) for star, cocktail party,
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complete and crown graphs are discussed. Results related to the upper and lower bound of the energy of
standard graphs is stated and proved.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Kathiresan KM, Marimuthu G, Sivakasi West. Superior distance in gaphs. Journal of combinatorial
mathematics and combinatorial computing. 2007;61:73.

[2] Kathiresan KM, Marimuthu G. Superior domination in graphs. Utilitas Mathematica. 2008;76:173.

[3] Riyaz Ur Rehman A, Ismayil AM. Injective eccentric domination in graphs. Baghdad Sci. J; 2024.
DOI:10.21123/bsj.2024.9659

[4] Haynes TW, Hedetniemi S, Slater P. Fundamentals of domination in graphs. CRC press; 1998.

[5] Gutman I. The energy of a graph. Ber. Math-Statist. Sekt. Forscungsz. Graz. 1978;103:1-22.
DOI: 10.12691/tjant-5-6-2

[6] Bernard J McClelland. Properties of the latent roots of a matrix: the estimation of w-electron energies.
The Journal of Chemical Physics. 1971;55(2):640-643.
DOI:10.1063/1.1674889

[7]1 Tejaskumar R, Mohamed Ismayil A, Ivan Gutman. Minimum eccentric dominating energy of graphs.
International Journal of Mathematics Trends and Technology. 2023;69(6):31-38.
Available:https://doi.org/10.14445/22315373/1IMTT-V6916P505

[8] Tejaskumar R, Ismayil AM. The minimum superior eccentric dominating energy of graphs. Asian Res. J.
Math. 2023;19(9):233-241.
DOI: 10.9734/ARJOM/2023/v19i9715

[91 Riyaz Ur Rehman A, Ismayil AM. Minimum equitable eccentric dominating energy of graphs.
International Journal of Mathematics Trends and Technology. 2023;69(7):8-16.
Available:https://doi.org/10.14445/22315373/1IMTT-V6917P502

[10] Riyaz Ur Rehman A, Ismsayil AM. Minimum transversal eccentric dominating energy of graphs. Asian
Research Journal of Mathematics. 2023;19(10):187-199.

[11] Rajesh Kanna MR, Dharmendra BN, Sridhara G. Minimum dominating energy of a graph. International
Journal of Pure and Applied Mathematics. 2013;25(4): 07-718.
DOI:10.12732/ijpam.v85i4.7

[12] Ravindra B Bapat. Graphs and matrices. 2010;27.

DOI:10.1007/978-1-84882-981-7

© 2024 Tejaskumar and Ismayil; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

https://www.sdiarticle5.com/review-history/113097

69


http://creativecommons.org/licenses/by/3.0

