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ABSTRACT 

In the present work, the canonical form of the differential equations is derived from the Hamiltonian 

function H which is obtained for the system of the four-body problem. This canonical form is considered as the 

equations of motion, the equilibrium points of the restricted four-body problem are studied under the effects of 

radiation pressure and oblatness Lyapunov function is used to provide a method for showing that equilibrium 

points are stable or asymptotically stable. If the system has an equilibrium point conditionally the eigenvalues of 

the system contain negative real parts, the scalar potential function is positive definite, then The Lyapunov 

center’s theorem is used to analyze the stability and periodicity of the motion of orbits about these equilibrium 

points of the restricted four-body problem. From this theorem, the Lyapunov function is found. Also, the 

stability regions are studied by using The Poincare maps, an analytical and numerical approach had been used. 

A cod of Mathematica is constructed to truncate these steps. The periodic orbits around the equilibrium points 

are investigated for the Sun-Earth-Moon system. 

Keywords: The Restricted Problems, The Liberation Points, Oblatness, Radiation Pressure 

Effects, Stability about Libration Points. 

 
 

 

 

 

 

 

 

  

INTRODUCTION 

Many authors have studied the four-body- 

problem in astrodynamics. Several attempts to 

model the problem in a mathematical form 

using classical treatment or Hamiltonian 

treatment. As seen in [1], [2] and [3] the motion 

of spacecraft in Earth-Moon-Sun system is 

studied in which the main two primaries Earth 

and Moon are revolved in circular orbits around 

their barycenter, while the perturbing body Sun 

is moved in a circular orbit around the central 

masses of the Earth-Moon-Sun system. [4],[5] 

and [6] considered Sun, Earth, and Moon as 

distinct particles of finite masses. In [7] the 

author illustrated the collinear equilibrium 

points into the phase space in the vicinity of the 

Sun-perturbed Earth-Moon by using the quasi-

bi-circular model. In [8] the author determined 

the periodic motion in the vicinity of the Sun-

perturbed Earth-Moon triangular points (L4 and 

L5) by using the restricted Hill four-body 

model. Moreover, he examined the invariant 

manifolds associated with these solutions. The 

authors in [9], [10], [11] and [12] studied the 

restricted four-body problem as equal masses 

located at the vertices of an equilateral triangle, 

also, zero velocity curves, the equilibrium 

points, and families of periodic orbits were was 

studied. In [13] and [14] the authors proved the 

stability, periodic orbits around the triangular 

points of the Earth-Moon system taken into 

account a perturbation by the Sun. Moreover, a 

periodic solution for the Sun-Earth-Moon 

system using numerical integration is obtained. 

In the papers [15] and [16] authors generated 

periodic and quasi-periodic orbits using the 

numerical technique of Poincare surface 

sections. The paper [17] author found the 

Lissajous orbits and Lyapunov orbits around 

the collinear points in the restricted three-body 

problem under the effect of oblateness. In [18] 

the authors studied equilibrium points and zero 

velocity surfaces in the restricted four-body 

problem with solar wind drag. The authors  

[19] and [20] put a model for the sun’s 

radiation effect on restricted four bodies.[21]  

the author used Lyapunov’s center theorem to 

study the existence  of periodic orbits families 

about the equilibrium points of a dynamical 

system with  degrees of freedom described 
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by a real analytical Hamiltonian 

. The authors [22] and [23] 

considered the origin  of the phase 

space as an elliptic equilibrium and the 

eigenvalues of this system are calculated by 

using the Lyapunov function. 

The direct method of Lyapunov 

The direct method of Lyapunov 's (also 

called the second method of Lyapunov) using 

to determine the stability of a system without 

explicitly integrating the differential equations. 

The idea of this method is a generalization 

"measure of energy" in a system. Then the rate 

of change of the energy of the system to certain 

stability can be studied.  

Definition of a quadratic form. 

Let A denote an n x n symmetric matrix 

with real entries and let x denote an n column 

vector. Then  is said to be a 

quadratic form.  

Classification of the quadratic form 

:  

A quadratic form is said to be: 

a: negative definite:  when  

b: negative semi-definite:  for all x and 

 for some . 

c: positive definite:  when  

d: positive semi-definite:  for all  and 

Q = 0 for some  

e: positive indefinite:  for some and 

 for some other  [24],[25],[26] and 

[27]. 

Condition of stability of the Lyapunov 

Function 

1- Positive-definite: 

 
2- Decreasing (Or non- increasing) along 

the trajectories of the system. 

3- Derivatives negative (or semi-definite) 

          

Where x(t) is the equilibrium point for the 

system. 

Theorem: the matrix  is Hurwitz if and 

only if for any  there is 

 that satisfies the Lyapunov 

equation  

 

Moreover, if  is Hurwitz, then  is the 

unique solution [28] and [29]. 

Lyapunov Stability Theorem  

1- Given a positive definite function  

2- If the derivatives of  along the 

trajectories of the system is  

a) negative semidefinite, the equilibrium 

is stable in the sense of Lyapunov. 

b) negative definite, the equilibrium is 

asymptotically stable. 

c) positive definite, the equilibrium is 

unstable.[30] 

In this work, it is considered that three 

bodies are moving in the same plane, while the 

fourth body is acting as a perturbing force. So 

that some important restrictions must be taken 

into account: 

i. The gravitation and radiation forces are 

effects on the fourth body.  
 

ii. The three masses specify that 

> >>m, and m is considered as the test 

particle, all the three masses are moving in the 

same plane.  
 

iii. The masses m1 and m2 are considered 

as primaries and the mass ratio 

21

2

mm

m


  

is used, and 3ميو  referred to the dimensionless 

of the sun. The distance between   and  

is considered as a unity. 
 

iv. The mass  is considered as an 

oblate body with oblatness coefficient 

e

pe
R

SR

RR
A ,

22 
  is the equatorial and RP, the 

polar radii and R is the separation distance 

between the two primaries.  

Equations of motion: 
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Fig. 1 illustrates the description of the 

problem where the barycenter is the origin of 

this system.  

 

Fig 1: the description of the four-body 

problem 

Now, the effect of  can be evaluated as: 

(1)                                                                                  

Where F is resultant force, and ,  are 

the gravitation and radiation forces 

respectively,  is the radiation pressure 

coefficient. Since the potential of the force is 

defined as , then the potential of 

the problem can be written as  

                                                                                                 

(2) 

where 

  (3.1) 

      (3.2) 

       (3.3) 

Now, the system has a Lagrangian function 

represented by L = T - V, where T is the total 

kinetic energy and Vis the total potential 

energy of the system. The kinetic energy is 

obtained from the motion of the mass m, and 

the potential is due to the effects of the other 

three bodies, then  

                                                                         

(4) 

The Hamiltonian is defined as: 

                                   (5) 

Where: 

         (6)  

Where px, py, and Pz are the momenta 

components, then substitute from Equation (2), 

and (4) into Equation (5), then the Hamiltonian 

is obtained: 

            

  

(7) 

And the canonical form is given by: 

                                   
      (8.1) 

                (8.2) 

 Where  . (8.3) 

The system of Eqs. (8) is considered as the 

equations of motion. 

Libration Points: 

The libration points are given by setting 

 and , using Eqs (8), then  

       
                                         (9.1) 

   (9.2) 
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   (9.3)

    

And 

  
                             

     (10.1) 

  
      (10.2) 

   
     (10.3) 

Since the three bodies moves in the x- y 

plane, then z = 0 and . 

 Then it is better to use the potential, 

 
          (11) 

From which  

    (12.1) 

   (12.2) 

From Eq. (12.1) by 0




x

U
, this will 

give the collinear libration points, while by 

solving Eqs. (12) for (x, y), this will give the 

non- collinear libration points. 

Analysis of Stability 

Now, it is needed to study the stability of 

each of the libration points obtained. Let  

     (13) 

We can write the Hamiltonian system as: 

     (14) 

Where J is the asymptotic matrix, 

     (15)   

To study the motion near the libration point 

let 

    (16.1) 

    (16.2) 

    (16.3) 

   (16.4) 

Where q1 and q2 are the new coordinates, 

p1 and p2 are the new momentaξ1 and ξ2 are 

small displacements. 

Then the Linearization of the Hamiltonian 

is done by substituting from Eqs. (16) into 

Equation (5), then the new states of the 

Hamiltonian in terms of new coordinates and 

new momenta can be written as:  

  

(17) 

Now expand the potential function  to 

second-order terms   

   

 (18) 

Where q1 and q2 are the coordinates of the 

libration point. The linear terms tend to zero 

because it is near to equilibrium points and the 

constant term does not affect the equation of 

motion. Then, 

                                                                             

(19) 

So, 

                                                                   (20.1) 

                                                                      

(20.2) 

  (20.3) 
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  (20.4) 

Then from Eqs. (14), (15) and (20) 

                                (21) 

This is reduced to: 

                                                                                                  

(22) 

Then the auxiliary equation for the 

linearized system is given by: 

                                                            

(23) 

Eq. (23) has four roots which imply the 

behavior of the motion about the libration 

point. 

Lyapunov Analysis of Stability:  

At first, the potential must be positive 

definite for all x belongs to the domain about 

the libration point. Therefore, for asymptotic 

stability for  is required. 

Then,  is called a Lyapunov Function 
candidate and the system is stable in the sense 

of Lyapunov. Consider the potential defined by 

Eq. (19) at the collinear libration point, then y = 

0. It is needed to find a quadratic function as: 

    (24) 

Where 

                  (25) 

Then 

  (26)                    

  if there exists Q = QT> 0 such that 

     (27) 

Where 

 

the scalar function is positive definite, in 

which it is necessary  . Then, the 

origin is Lyapunov stable. Then, Lyapunov’s 

center theorem is used to examine the stability 

of each of the libration points obtained. 

RESULTS AND DISCUSSION 

To apply our study the Sun-Earth-Moon 

system is considered, where the masses of the 

Earth, the Moon and the Sun in the canonical 

system are given as 

21

11
mm

m


 = 0.987871, 

21

22
mm

m


 = 

0.012151 and 

21

33
mm

m


 = 328900.48 

respectively, where the mass of the Earth m1, 

the mass of the Moon m2, and mass of the Sun      

 M3 = . We take 

 where  is the mass 

ratio of the two primaries, and the unit distance 

between the two primaries is equal unity [19] 

and [20]. A code is constructed using 

Mathematica to obtain the libration point to 

prove that the potential of the system is 

Lyapunov function and is positive definite, 

finally to find the periodic orbits about this 

libration points and the Poincare maps. 

The results obtained illustrate that there are 

five collinear libration points and three non-

collinear libration points as shown in Table 1. 

For simplicity, the collinear libration point L2 

and the non-collinear libration point L6 will be 

represented to illustrate a sample of the results 

obtained.  
 

Table 1: the locations of the libration points in 

dimensionless coordinates 

Libration point x Y 

L1 -1.85666 0 

L2 1.05907 0 

L3 0.908886 0 

L4 -0.902193 0 

L5 0.597171 0 

L6 1.06663 68.7966 

L7 2.34696 68.7966 

L8 417.112 68.7966 

https://en.wikipedia.org/wiki/Lyapunov_function
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For the Libration Point L2 ( 1.05,0) 

The potential at the libration point is found 

to be positive and definite. The Lyapunov 

center theorem holds. Moreover, there are 

isolated periodic solutions emanating from this 

libration point which specified by the Poincare 

map. As shown in figures 2, 3, 4, and 5 the 

periodic orbits in the plane (x, x, y), the 

Lyapunov orbits in (x, y) plane, the phase 

space, the Poincare map about L2 respectively. 
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Fig. 2: The tree dimension periodic orbits about 

L2. 
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Fig. 3: the Lyapunov orbits about L2 
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Fig. 4: the phase space about L2   

For L6 (1.06663, 68.7966) 
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Fig. 5: the Poincare map about L2 

 
The same is done and the results are 

illustrated in figures 6, 7, 8, and 9 respectively. 
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Fig. 6: The tree dimension periodic orbits about L6  
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Fig. 7: the Lyapunov orbits about L6 
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Fig. 8: the phase space about L6 

50 0 50

60

40

20

0

20

40

60

x t

x
t

 
Fig. 9: the Poincare map about L6 

 

CONCLUSION 

Through this work, the four-body problem 

under the effects of the radiation and oblatness 

is studied. We observe that the locations of the 

libration points are shifted compared with those 

obtained by [20] who found the libration points 

of the four-body problem under gravitational 

and radiation only. The stability by applying 

the Lyapunov center theorem gives a good 

agreement with the Poincare map. Future work 

in the elliptic four-body problem will be a good 

field to be studied. 
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 العربيالملخص 

 .شطار وضغط الإشعاعمع الان تحليل الاستقرار في مشكلة الجسد الأربعة المقيدة

 ، غادة  محمدين*  2، سحر  يونس  1 محمد نادر اسماعيل

 1قسم الفلك والأرصاد ، كلية العلوم ، جامعة الأزهر ، القاهرة1 

 2الرياضيات. ، كلية العلوم )بنات( ، جامعة الأزهر ،القاهرة قسم

  )NRIAG (3معهد البحوث الوطنية لعلم الفلك والجيوفيزياء القاهرة 
 

في العمل الحالي ، يسُتمد الشكل القانوني للمعادلات التفاضلية من دالة هاميلتونيان التي يتم الحصول عليها لنظام 

بر هذا الشكل القانوني معادلات الحركة ، ويتم دراسة نقاط التوازن لمشكلة الأجسام الأربعة مشكلة الأجسام الأربعة. يعت

المقيدة تحت تأثير ضغط الإشعاع والغموض. يتم استخدام وظيفة ليبانوف لتوفير طريقة لإظهار أن التوازن مستقر أو 

الذاتية للنظام تحتوي على أجزاء حقيقية  مستقر. إذا كان النظام يحتوي على نقطة توازن بشكل مشروط ، فإن القيم

سالبة ، فإن الوظيفة المحتملة العددية تكون محددة أكيدة ، ثم يتم استخدام نظرية مركز ليابونوف لتحليل استقرار 

وتواتر حركة المدارات حول نقاط التوازن هذه مشكلة أربع جسد مقيدة. من هذه النظرية ، تم العثور على وظيفة 

يضا ، يتم دراسة مناطق الاستقرار باستخدام خرائط بونكاريه ، تم استخدام نهج تحليلي وعددي. تم إنشاء ليبانوف. أ

لاقتطاع هذه الخطوات. يتم فحص المدارات الدورية حول نقاط التوازن لنظام الشمس  Mathematicaكود من 

 والأرض والقمر.

 


