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1. Introduction and preliminaries

T he fundamental concept of pseudo-valuation was first introduced by Busneag [1] in 1996. He
defined a pseudo-valuation on a Hilbert algebra and proved that every pseudo-valuation induces
a pseudo metric on a Hilbert algebra. In 2003, Busneag [2] provided several theorems on extensions of

pseudo-valuations. In 2007, Busneag [3] introduced the notion of a pseudo-valuation (valuations) on a
residuated lattice and proved some theorems of extension for these (using the model of a Hilbert algebra).

In 2010, Doh and Kang [4] introduced the notion of a pseudo-valuation on a BCK/BCl-algebra and
studied results based on a pseudo-valuation. Ghorbani [5] defined a congruence relation and gave a quotient
structure of a BCl-algebra based on a pseudo-valuation. In 2011, Doh and Kang [6] introduced the notion of a
commutative pseudo valuation on a BCK-algebra. Jun et al., [7] introduced the notion of a positive implicative
pseudo-valuation on a BCK-algebra and investigated its characterizations. In 2012, Jun et al., [8] introduced
the notions of a pseudo-valuation and a valuation on a BCC-algebra. In 2013, Zhan and Jun [9] introduced
the notions of a pseudo-valuation and an implicative pseudo-valuation on a Ry-algebra. Lee [10] introduced
the notions of a pseudo-valuation and a valuation, and a pseudo-metric is induced by a pseudo-valuation
on a BE-algebra. In 2015, Song et al.,, [11] introduced the notions of a quasi-valuation map based on a
subalgebra and an ideal on a BCK/BCl-algebra. In 2017, Yang and Xin [12] introduced the notions of a pseudo
pre-valuation, an implicative pseudo pre-valuation, a positive implicative pseudo pre-valuation, and a strong
pseudo pre-valuation, and investigated some characterizations of an EQ-algebra. In 2018, Mehrshada and
Kouhestanib [13] studied some properties of a pseudo-valuation and their induced metrics on a BCK-algebra
and showed that there are many pseudo-valuations on a BCK-algebra.

In 2019, Koam et al., [14] introduced the notion of a pseudo-metric which induced from a pseudo-valuation
on a KU-algebra. Ali et al., [15] introduced the notion of a pseudo-valuation and investigated the relationship
between a pseudo-valuation and an ideal of a JU-algebra. Romano [16] introduced the notion of a
pseudo-valuation on a UP-algebra and analyzed the relationship of these mappings with UP-substructures.

In this paper, we introduce the notions of a weak pseudo-valuation, a 0-weak pseudo-valuation, a weak
valuation, a near pseudo-valuation, a near valuation, a pseudo-valuation, and a valuation and induce a
pseudo-metric without triangle inequality, a quasi pseudo-metric, a pseudo-metric, and a metric by some
these mappings on a UP-algebra. We also prove that the binary operation defined on a UP-algebra is uniformly
continuous under the induced metric by a valuation in some conditions.

Before we begin our study, we will give the definition of UP-algebras.
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Definition 1. [17] An algebra A = (A, -,0) of type (2,0) is called a UP-algebra, where A is a nonempty set, -
is a binary operation on A, and 0 is a fixed element of A (i.e., a nullary operation) if it satisfies the following
axioms:

(UP-1) (V2,92 € A)((y-2)- ((x-1) - (x-2)) = 0),
(UP-2) (Vxe€ A)(0-x = x),

(UP-3) (Vx € A)(x-0=0),and

(UP-4) (Vx,y€c A)(x-y=0,y-x=0=x=y).

From [17], we know that the notion of UP-algebras is a generalization of KU-algebras (see [18]).

Example 1. [19] Let X be a universal set and let O € P(X) where P(X) means the power set of X. Let
Pa(X) = {A € P(X) | Q C A}. Define a binary operation - on Pn(X) by putting A - B = BN (A€ U Q) for all
A, B € Pq(X) where A© means the complement of a subset A. Then (Pq(X), -, Q) is a UP-algebra and we shall
call it the generalized power UP-algebra of type 1 with respect to Q. Let P2(X) = {A € P(X) | A C Q}. Define
a binary operation * on P?(X) by putting A * B = BU (AN Q) for all A,B € P2(X). Then (P2(X), x,Q)
is a UP-algebra and we shall call it the generalized power UP-algebra of type 2 with respect to (). In particular,
(P(X),-, @) is a UP-algebra and we shall call it the power UP-algebra of type 1, and (P (X), *, X) is a UP-algebra
and we shall call it the power UP-algebra of type 2.

Example 2. [20] Let Ny be the set of all natural numbers with zero. Define two binary operations o and e on
Ny by

(Vx,yENo) <xoy:{ Yy 1fx<y, )

0 otherwise

and

0 otherwise

(Vx,y € Np) (xoy_{ y 1fx>y.orx:(), )

Then (N, 0,0) and (Ny, e,0) are UP-algebras.

Example 3. [21] Let A = {0,1,2,3,4} be a set with a binary operation - defined by the following Cayley table:

O O O O OO
el =l
N DN O© O NN
W O OO W W
O = R e

= W N = O -

Then (A, -,0) is a UP-algebra.

For more examples of UP-algebras, see [19,22-25].
In a UP-algebra A = (A4, -,0), the following assertions are valid (see [17,24]).

(Vx e A)(x-x=0), (1)
(Vx,y,z€ A)(x-y=0y-z=0=x-2=0), (2
(Vx,y,z€e A)(x-y=0= (z-x)-(z-y) =0), 3)
(Vx,yzeA)(x-y=0=(y-2)-(x-2) =0), )
(Vx,y € A)(x- (y-x) =0), ®)
(Vx,yec A)((y-x) - x=0x=y-x), (6)
(Vx,y € A)(x-(y-y) =0), @)
(Va,x,y,z€ A)((x- (y-2)) - (x-((a-y)-(a-2))) =0), ®)
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(Va,x,y,z€ A)((((a-x) - (a-y))-z) - ((x-y) -z) =0), )
(Vx,y,z€ A)(((x-y)-2) - (y-2) =0), (10)
(Vx,y,z€e A)(x-y=0=x-(z-y) =0), (11)
(Vx,y,z€ A)(((x-y)-z) - (x- (y-z)) =0), and (12)
(Va,x,y,z€ A)(((x-y)-2)-(y-(a-2)) =0). (13)

From [17], the binary relation < on a UP-algebra A = (4, -,0) is defined as follows:
(Vx,ye A)x <y x-y=0). (14)
In UP-algebras, 5 types of special subsets are defined as follows:

Definition 2. [17,26-28] A nonempty subset S of a UP-algebra A = (A, -,0) is called

(1) a UP-subalgebra of A if (Vx,y € S)(x-y € S).
(2) a near UP-filter of A if it satisfies the following conditions:

(i) the constant 0 of Aisin S, and
(ii)) (Vx,ye A)(yeS=x-y€S).

(3) a UP-filter of A if it satisfies the following conditions:

(i) the constant 0 of Aisin S, and
(ii)) (Vx,y€e A)(x-yeS,xeS=yes).

(4) a UP-ideal of A if it satisfies the following conditions:

(i) the constant 0 of Aisin S, and
(ii)) (Vx,y,z€ A)(x-(y-z) €S,yeS=x-z€8).

(5) astrong UP-ideal (renamed from a strongly UP-ideal) of A if it satisfies the following conditions:

(i) the constant0of Aisin S, and
(ii)) (Vx,y,z€ A)((z-y)-(z-x) €S, ye S=x€S).

Iampan [26,27] proved that the notion of UP-subalgebras is a generalization of near UP-filters, near
UP-filters is a generalization of UP-filters, UP-filters is a generalization of UP-ideals, and UP-ideals is a
generalization of strong UP-ideals. Furthermore, they proved that the only strong UP-ideal of a UP-algebra A
is A.

2. Valuations and their generalizations

In this section, we introduce the notions of a weak pseudo-valuation, a 0-weak pseudo-valuation, a weak
valuation, a near pseudo-valuation, a near valuation, a pseudo-valuation, and a valuation on a UP-algebra.
From now on, unless another thing is stated, we take A = (A, -,0) as a UP-algebra.

Definition 3. A real-valued function ¢ on A is called a pseudo-valuation on A if it satisfies the following
conditions:

¢(0) =0, (15)
(Vx,y € A)(@(y) < @(x-y) + @(x)). (16)

A pseudo-valuation ¢ on A is called a valuation on A if it satisfies the following condition:
(Vx € A)(p(x) =0=x=0). (17)

Definition 4. A real-valued function ¢ on A is called a near pseudo-valuation on A if it satisfies the condition
(15) and the following condition:

(Vx,y € A)(p(x-y) < @(y)). (18)

A near pseudo-valuation ¢ on A is called a near valuation on A if it satisfies the condition (17).
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Definition 5. A real-valued function ¢ on A is called a weak pseudo-valuation on A if

(Vx,y € A)(p(x-y) < @(x) + @(y)). (19)

A weak pseudo-valuation ¢ on A is called a O-weak pseudo-valuation on A if it satisfies the condition (15).
A 0-weak pseudo-valuation ¢ on A is called a weak-valuation on A if it satisfies the condition (17).

Theorem 1. Every nonnegative constant real-valued function on A is a weak pseudo-valuation.

Proof. Let ¢ be a nonzero constant real-valued function on A. Then there exists a nonnegative real number c
such that ¢(x) = cforallx € A. Letx,y € A. Then

plx-y) =csctc=9(x)+oy)
Hence, ¢ is a weak pseudo-valuationon A. O

The following example shows that the converse of Theorem 1 is not true in general.

Example 4. Let A = {O, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

01 2 3 4
0j01 2 3 4
110 0 0 3 0
2/0 1 0 3 4
3/01 2 0 4
410 4 2 3 0

Let ¢ be a real-valued function on A defined by

/0 1 2 3 4
?=\02 06 07 05 02)°

Then ¢ is a weak pseudo-valuation on A. But ¢ is not a nonnegative constant real-valued function on A
because ¢(0) = 0.2 # 0.6 = ¢(1).

Theorem 2. The zero constant real-valued function on A is a O-weak pseudo-valuation (resp., near pseudo-valuation,
pseudo-valuation).

Proof. It is straightforward from the definitions of 0-weak pseudo-valuations, near pseudo-valuations, and
pseudo-valuations. O

If A has more than one element, then the zero constant real-valued function on A is not a weak valuation,
a near valuation, and a valuation.
The following example shows that the converse of Theorem 2 is not true in general.

Example 5. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

W N = O -
S O O O OO
_ = O R
N © O DN NN
W O W W W W
O = e e

Let ¢ be a real-valued function on A defined by

/001 2 3 4
=10 05 04 07 01)°
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Then ¢ is a pseudo-valuation on A. But ¢ is not a zero constant real-valued function on A because

9(0) =0 # 0.5 = ¢(1).

Example 6. From Example 2, we have (N, 0,0) is a UP-algebra. Let ¢ be a real-valued function on Ny defined
by ¢(0) = 0 and if x < y where < is the standard ordering among real numbers, then 0 < ¢(x) < ¢(y) for all
positive numbers x,y. Let x,y € Np.

Case 1: x < y. Then ¢(xoy) = ¢(y). Thus p(x o y) + ¢(x) = ¢(y) + ¢(x) = ¢(y).

Case 2: x > y. Then ¢(xoy) = ¢(0) = 0. Thus ¢(xoy)+ ¢(x) = 0+ ¢(x) = @(x). Ify =0,
then ¢(y) = 0. Thus ¢(xoy) + ¢(x) = ¢(x) > 0 = ¢(y). If x = 0, then y = 0. By the above proof,
we have p(xoy) + @(x) = ¢(x) > 0 = ¢(y). If x > 0and y > 0, it follows from the definition of ¢ that
p(xoy) +o(x) = ¢(x) = ¢(y).

Hence, ¢ is a valuation on Ny.

Example 7. From Example 2, we have (N, 0,0) is a UP-algebra. Let ¢ be a real-valued function on Ny defined
by ¢(x) = x for all x € Ny. By Example 6, we have ¢ is a valuation on Ny.

Example 8. From Example 2, we have (N, ¢,0) is a UP-algebra. Let ¢ be a real-valued function on Ny defined
by ¢(0) = 0 and if x < y where < is the standard ordering among real numbers, then ¢(x) > ¢(y) > 0 for all
positive numbers x, y. Let x,y € Np.
Case1l: x > yorx = 0. Then ¢(x e y) = ¢(y). Thus ¢(x e
Case2: x <yand x # 0. Theny # 0 and ¢(x e y) = ¢(0)
definition of ¢ that ¢(x e y) + ¢(x) = 0+ ¢(x) = @(x) > ¢(y).
Hence, ¢ is a valuation on Np.

y) +9(x) = o(y) + 9(x) = ¢(y)-
= 0. Since x > 0 and y > 0, it follows from the

Example 9. From Example 2, we have (N, o,0) is a UP-algebra. Let ¢ be a positive real number and ¢ be a
real-valued function on Ny defined by ¢(0) = 0 and ¢(x) = ¢ for all positive number x. By Example 8, we
have ¢ is a valuation on Np.

Example 10. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

W N = O -
S O O O OO
el =l
N DN O DN NN
S O O =

W O O W W Ww

Let ¢ be a real-valued function on A defined by
/001 2 3 4
~\0 0507 03 02)°
Then ¢ is a valuation on A.

Example 11. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

10 1 2 3 4
0j01 2 3 4
110 0 2 3 4
2/0 1 0 3 4
3/01 2 0 4
40 0 0 0 O

Let ¢ be a real-valued function on A defined by

/001 2 3 4
=10 02003 05)
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Then ¢ is a pseudo-valuation on A.

Example 12. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j01 2 3 4
110 0 2 3 3
2/0 0 0 3 3
3/]/01 1 01
4/0 01 0O

Let ¢ be a real-valued function on A defined by
(0 1 2 3 4
=10 03 09 02 05)
Then ¢ is a near pseudo-valuation on A.

Example 13. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 2 3 2
2/0 0 0 0 2
3|0 01 0 2
410 0 0 0O

Let ¢ be a real-valued function on A defined by
(0 1 2 3 4
?=\0 05 04 07 01)
Then ¢ is a 0-weak pseudo-valuation on A.

Example 14. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

01 2 3 4
0j0 1 2 3 4
110 0 2 3 0
2/0 1 0 3 4
3]0 1 0 0 4
410 4 2 30

Let ¢ be a real-valued function on A defined by

/0 1 2 3 4
$=\02 04 09 03 01"

Then ¢ is a weak pseudo-valuation on A.

Example 15. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

= W N — O

o O O O OoOlo
== = O =
N © O O NN
W O O WW
O O O O Bk
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Let ¢ be a real-valued function on A defined by
(0 1 2 3 4
?=\0 02 03 08 04)°
Then ¢ is a near valuation on A.

Example 16. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 2 3 2
210 0 0 3 2
3|01 1 0 2
410 0 0 3 0

Let ¢ be a real-valued function on A defined by
01 2 3 4
¢= (0 02 07 02 0.5) '

Then ¢ is a weak valuation on A.

Theorem 3. Every near pseudo-valuation ¢ on A satisfies the following condition:
(Vx € A)(¢(x) = 0). (20)

Proof. Letx € A. Then0 = ¢(0) = ¢(x-x) < ¢(x). O
Theorem 4. Every valuation on A is a pseudo-valuation.
Proof. It is straightforward from the definitions of valuations and pseudo-valuations. O
Theorem 5. Every pseudo-valuation on A is a near pseudo-valuation.

Proof. Let ¢ be a pseudo-valuation on A. Letx,y € A. Then ¢(x-y) < ¢(y- (x-y)) + ¢(y) = ¢(0) + ¢(y) =
0+ ¢(y) = ¢(y). Hence, ¢ is a near pseudo-valuationon A. O

Theorem 6. Every near pseudo-valuation on A is a 0-weak pseudo-valuation.

Proof. Let ¢ be a near pseudo-valuation on A. Clearly, ¢(0) = 0. Let x,y € A. Then ¢(x-y) < ¢(y) <
¢(x) + ¢(y). Hence, ¢ is a 0-weak pseudo-valuation on A. [J

Theorem 7. Every 0-weak pseudo-valuation on A is a weak pseudo-valuation.

Proof. It is straightforward from the definitions of 0-weak pseudo-valuations and weak
pseudo-valuations. [

Theorem 8. Every valuation on A is a near valuation.

Proof. It is straightforward from the definitions of valuations and near valuations and Theorem 5. [
Theorem 9. Every near valuation on A is a weak valuation.

Proof. It is straightforward from the definitions of near valuations and weak valuations and Theorem 6. [J
Theorem 10. Every weak valuation on A is a 0-weak pseudo-valuation.

Proof. It is straightforward from the definitions of weak valuations and 0-weak pseudo-valuations. O
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Theorem 11. Every near valuation on A is a near pseudo-valuation.

Proof. It is straightforward from the definitions of near valuations and near pseudo-valuations. [

The following example shows that the converse of Theorem 4 is not true in general.

Example 17. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

W N = O -
S O O O OO
_ = O R
N DN O DN NN
W O W W W W
O = O

Let ¢ be a real-valued function on A defined by
(0 1 2 3 4
=10 05003 02)
Then ¢ is a pseudo-valuation on A. But ¢ is not a valuation on A because there exists 2 # 0 and ¢(2) = 0.

The following example shows that the converse of Theorem 5 is not true in general.

Example 18. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j0 1 2 3 4
110 01 3 3
2/0 0 0 3 3
3|0 01 01
410 0 0 0O

Let ¢ be a real-valued function on A defined by

(0 1 2 3 4
=10 02 05 01 04/
Then ¢ is a near pseudo-valuation on A. But ¢ is not a pseudo-valuation on A because ¢(1) = 0.2 £
01=0+01=¢(0)+¢(3) =¢3-1)+ ¢(3).

The following example shows that the converse of Theorem 6 is not true in general.
Example 19. From Example 13, let ¢ be a real-valued function on A defined by
(0 1 2 3 4
=0 010205 01)

Then ¢ is a 0-weak pseudo-valuation on A. But ¢ is not a near pseudo-valuationon A as ¢(1-4) = ¢(2) =
0.2 £ 0.1 = g(4).

The following example shows that the converse of Theorem 7 is not true in general.

Example 20. From Example 14, let ¢ be a real-valued function on A defined by

/0 1 2 3 4
?=\02 01 04 03 01"

Then ¢ is a weak pseudo-valuation on A. But ¢ is not a 0-weak pseudo-valuation on A because ¢(0) = 0.2.
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The following example shows that the converse of Theorem 8 is not true in general.

Example 21. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j01 2 3 4
110 0 0 0 O
2/0 1 0 40
3/01 2 00
401 2 3 0

Let ¢ be a real-valued function on A defined by

(0 1 2 3 4
?=\0 0207 09 05)°
Then ¢ is a near valuation on A. But ¢ is not a valuation on A because ¢(4) = 05 £ 02 = 0+0.2 =
9(0) + (1) = (1-4) + ¢(1).

The following example shows that the converse of Theorem 9 is not true in general.

Example 22. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 2 3 4
2(0 0 0 0 2
3]0 110 2
410 0 0 0O

Let ¢ be a real-valued function on A defined by

(01 2 3 4
?=\0 02 05 02 03)"
Then ¢ is a weak valuation on A. But ¢ is not a near valuation on A because ¢(2-4) = ¢(2) = 0.5 £
0.3 = ¢(4).

The following example shows that the converse of Theorem 10 is not true in general.

Example 23. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 2 3 4
20 0 0 01
3]0 1 1 01
410 0 0 0O

Let ¢ be a real-valued function on A defined by

/001 2 3 4
?=10 010 045 075 0)°

Then ¢ is a 0-weak pseudo-valuation on A. But ¢ is not a weak valuation on A because ¢(4) = 0.

The following example shows that the converse of Theorem 11 is not true in general.
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Example 24. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

LWDN = O
S O O O OO
e e =l
N N O O NN
= O O O W W
O O O O =

4

Let ¢ be a real-valued function on A defined by

(0 1 2 3 4
=007 09 010)
Then ¢ is a near pseudo-valuation on A. But ¢ is not a near valuation on A because there exists 4 # 0 and

p(4)=0.

The following two examples show that a pseudo-valuation and a near valuation are not identical in
general.

Example 25. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

W= O
S O O O OO
e e =l
N DN O DN NN
W O O W W W
O = O

4

Let ¢ be a real-valued function on A defined by

/0 1 2 3 4
?=\0 075 050 0 050/
Then ¢ is a pseudo-valuation on A. But ¢ is not a near valuation on A because there exists 3 # 0 and

¢(3) =0.

Example 26. Let A = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

O O O O OO
SO O O O
_— = O = NN
O O W W W W
O = W W |

= W N =R O

Let ¢ be a real-valued function on A defined by

/01 2 3 4
?= 10025030 040 0.90 )

Then ¢ is a near valuation on A. But ¢ is not a pseudo-valuation on A because ¢(4) = 0.9 £ 0.7 =
04403 =¢03)+¢(2) =¢2-4)+ ¢(2).

The following two examples show that a near pseudo-valuation and a weak valuation are not identical in
general.
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Example 27. Let A = {0, 1,2,3, 4} be a UP-algebra with a fixed element 0 and a binary operation - defined by
the following Cayley table:

01 2 3 4
0j01 2 3 4
110 0 0 0 O
2/0 1 0 3 4
3/]01 2 0 4
4/0 1 2 3 0

Let ¢ be a real-valued function on A defined by

/01 2 3 4
=10 0 070 030 035)°

Then ¢ is a near pseudo-valuation on A. But ¢ is not a weak valuation on A because there exists 1 # 0
and ¢(1) = 0.

Example 28. Let A = {0,1,2,3,4,5,6} be a UP-algebra with a fixed element 0 and a binary operation - defined
by the following Cayley table:

101 2 3 45 6
0/|0 1 2 3 4 5 6
110 0 2 3 2 3 6
2/0 1 0 315 3
3|01 2 0 4 1 2
4/0 0 0 3 03 3
5/0 0 2 0 2 0 2
6/0 1 00110

Let ¢ be a real-valued function on A defined by

/001 2 3 4 5 6
¢= 0 01 02 03 05 02 01/
Then ¢ is a weak valuation on A. But ¢ is not a near pseudo-valuation as ¢(3-6) = ¢(2) = 0.2 £ 0.1 =
¢(6)-

Theorem 12. Every weak pseudo-valuation ¢ on A satisfies the condition (20).

Proof. Forall x € A, ¢(0) = ¢(x-x) < ¢(x) + ¢(x). In particular, (0) < ¢(0) + ¢(0), so 0 < ¢(0). Hence,
0<¢(0) < g(x)+ ¢(x) =2¢(x) forall x € A, thatis, 0 < ¢(x) forallx € A. O

Corollary 13. Every O-weak pseudo-valuation (resp., near pseudo-valuation, pseudo-valuation, valuation, weak
valuation, near valuation) ¢ on A satisfies the condition (20).

Lemma 1. If ¢ is a real-valued function on A satisfying the condition (18) and the following condition:
(Vx € A)(g(a) < ¢(x)) = ¢(a) =0, (21)
then it satisfies the conditions (15) and (20).

Proof. Forallx € A, ¢(0) = ¢(x-x) < ¢(x). By (21), we have ¢(0) = 0, that is, ¢ satisfies the condition (15).
Thus ¢ is a near pseudo-valuation on A. By Corollary 13, we have ¢ satisfies the condition (20). [

Theorem 14. If ¢ is a real-valued function on A satisfying the conditions (18) and (21) and the following condition:

(Vx,y,z € A)(p(x-2) < @(x-y) + ¢y - 2)), (22)

then ¢ is a pseudo-valuation on A.
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Proof. Assume that ¢ is a real-valued function on A satisfying the conditions (18), (21), and (22). By Lemma
1, we have ¢(x) > 0forall x € Aand ¢(0) = 0. Letx,y € A. Then

Hence, ¢ is a pseudo-valuation on A. O
Definition 6. Let ¢ be a real-valued function on A. Define the subset Ker ¢ of A by
Kerg:={x € A| ¢(x) =0}.
Theorem 15. If ¢ is a pseudo-valuation on A, then Ker ¢ is a UP-filter of A.

Proof. Assume that ¢ is a pseudo-valuation on A. By (15), we have 0 € Ker¢. Let x,y € A be such that
x-y € Ker ¢ and x € Ker ¢. Then ¢(x -y) = 0 and ¢(x) = 0. By (16), we have

¢(y) < plx-y)+9(x) =0+0=0.
It follows from Corollary 13 that ¢(y) = 0, so y € Ker ¢. Hence, Ker ¢ is a UP-filter of A. [
Theorem 16. If ¢ is a near pseudo-valuation on A, then Ker ¢ is a near UP-filter of A.

Proof. Assume that ¢ is a near pseudo-valuation on A. By (15), we have 0 € Ker ¢. Let x € A and y € Ker ¢.
Then ¢(y) = 0. By (18), we have

o(x-y) < ¢(y) =0.
It follows from Corollary 13 that ¢(x - y) = 0, so x - y € Ker ¢. Hence, Ker ¢ is a near UP-filter of A. [
Theorem 17. If ¢ is a O-weak pseudo-valuation on A, then Ker ¢ is a UP-subalgebra of A.

Proof. Assume that ¢ is a 0-weak pseudo-valuation on A. By (15), we have 0 € Ker ¢. Let x,y € A be such
that x € Ker ¢ and y € Ker ¢. Then ¢(x) = 0 and ¢(y) = 0. By (19), we have

plx-y) < ¢(x) +¢(y) =0+0=0,
It follows from Corollary 13 that ¢(x - y) = 0, so x - y € Ker ¢. Hence, Ker ¢ is a UP-subalgebra of A. O
Theorem 18. If ¢ is a weak pseudo-valuation on A, then a nonempty subset Ker ¢ is a UP-subalgebra of A.

Proof. Assume that ¢ is a weak pseudo-valuation on A. Let Ker ¢ # @. Let x,y € Ker ¢. Then ¢(x) = 0 and
¢(y) = 0. By (19), we have

o(x-y) < ¢(x) +¢(y) =0+0=0.
It follows from Corollary 13 that ¢(x - y) = 0, so x - y € Ker ¢. Hence, Ker ¢ is a UP-subalgebra of A. [

Proposition 1. Let ¢ be a pseudo-valuation on A. Then

(1)
(2)
(3)
4)

Va,b,x € A)(a<b-x= @(x) < ¢(a) + (b)),
Vx,y € A)(x <y = ¢(y) < ¢(x)),

Vx,y,z € A)(p(x-z) < @(x-y) + ¢(y-2)), and
Vx,y,z€ A)z<x-y = 9(2) < (x) + 9(y))

~ S S
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Proof. (1) Leta,b,x € Abesuchthata <b-x. Thena- (b-x) =0. Thus

(%)

@‘
R

)+ o(b)
-(b-x)) +
)+ ¢(a) +
+ ¢(a) + o(b
(a) + ¢(b).

IN A
s

¢(a) + ¢(b)
@(b)
)

&

(b
(
(

=]

I
S © 8 8 8

(2) Let x,y € Abesuchthatx <y. Then x -y = 0. Thus

o(y) < o(x-y) + o(x)
= ¢(0) + ¢(x)
=0+ ¢(x)
= ¢(x).

(3) Letx,y,z € A. By (UP-1), wehavey -z < (x-y) - (x - z). Thus

O
Theorem 19. If ¢ is a 0-weak pseudo-valuation on A satisfying the following condition:
(Vx,y € A)(x-y # 0= ¢(x) =0), (23)
then ¢ is a near pseudo-valuation on A.

Proof. Assume that ¢ is a 0-weak pseudo-valuation on A satisfying the condition (23). Clearly, ¢(0) = 0. Let
x,y € A. If x -y = 0, it follows from Corollary 13 that

p(x-y) = ¢(0) =0 < o(y).
If x -y # 0, it follows from (23) that ¢(x) = 0. By (19), we have
Px-y) < 9(x) +oy) =0+9y) = oy).
Hence, ¢ is a near pseudo-valuationon A. O
Theorem 20. If ¢ is a real-valued function on A satisfying the following condition:
(Vv yze A)z<x-y= ¢z) < 9x) +9y)) (24)
then ¢ is a weak pseudo-valuation on A.

Proof. Assume that ¢ is a real-valued function on A satisfying the condition (24). Let x,y € A. By (1), we have
x-y < x-y.By(24), wehave ¢(x - y) < ¢(x) + ¢(y). Hence, ¢ is a weak pseudo-valuation on A. [
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Theorem 21. If ¢ is a real-valued function on A satisfying the condition (15) and the following condition:

(Vx,y,z€ A)z<x-y = ¢(z) < p(y)), (25)

then ¢ is a zero constant real-valued function on A. Moreover, ¢ is a 0-weak pseudo-valuation, a near pseudo-valuation,
and a pseudo-valuation on A.

Proof. Assume that ¢ is a real-valued function on A satisfying the conditions (15) and (25). Let x € A. By
(UP-3), we have x < 0-0. By (25) and (15), we have ¢(x) < ¢(0) = 0. By (UP-3) and (1), wehave 0 < 0 = x - x.
By (15) and (25), we have 0 = ¢(0) < ¢(x). Thus ¢(x) = 0 for all x € A, thatis, ¢ is a zero constant
real-valued function on A. By Theorem 2, we have ¢ is a 0-weak pseudo-valuation, a near pseudo-valuation,
and a pseudo-valuationon A. [

Theorem 22. If ¢ is a real-valued function on A satisfying the condition (24) and the following condition:
¢(0) <0, (26)

then ¢ is a zero constant real-valued function on A. Moreover, ¢ is a 0-weak pseudo-valuation, a near pseudo-valuation,
and a pseudo-valuation on A.

Proof. Assume that ¢ is a real-valued function on A satisfying the conditions (24) and (26).

By (UP-3), we have 0 < 0-0. By (24), we have ¢(0) < ¢(0) + ¢(0) and so 0 < ¢(0). By (26), we
have ¢(0) = 0, that is, ¢ satisfies the condition (15). Let x € A. By (UP-3), we have x < 0-0. By (24) and
(15), we have ¢(x) < ¢(0) + ¢(0) = 0+ 0 = 0. By (UP-3), we have 0 < x-0. By (15) and (24), we have

= ¢(0) < ¢(x)+ ¢(0) = ¢(x) +0 = @(x). Thus ¢(x) = 0 for all x € A, thatis, ¢ is a zero constant
real-valued function on A. By Theorem 2, we have ¢ is a 0-weak pseudo-valuation, a near pseudo-valuation,
and a pseudo-valuationon A. O

3. Metrics and their generalizations

In this section, we induce a pseudo-metric without triangle inequality, a quasi pseudo-metric, a
pseudo-metric, and a metric by some these mappings on a UP-algebra. We also prove that the binary operation
defined on a UP-algebra is uniformly continuous under the induced metric by a valuation in some conditions.

Definition 7. Let A be a nonempty set. A real-valued functiond on A x A is called

(1) ametric on A if it satisfies the following conditions:

(M-1) (
(M-2) (
(M-3) (Vx,y € A)(d(x,y) = d(y,x)),
M-4) (Vx,y,ze€ A)(d(x,z) <d(x,y)+d(y,z)), and
M-5) (Vx,y € A)(d(x,y) =0=x=1y).
(2) apseudo-metric on A if it satisfies the conditions (M-1), (M-2), (M-3), and (M-4),
(3) a pseudo-metric without triangle inequality on A if it satisfies the conditions (M-1), (M-2), and (M-3), and
(4) a quasi pseudo-metric on A if it satisfies the conditions (M-1), (M-2), and (M-4).

Theorem 23. Let ¢ be a 0-weak pseudo-valuation (resp., weak valuation, near pseudo-valuation, near valuation,
pseudo-valuation, valuation) on A and r be a positive real number. Then the real-valued function dy, on A X A defined

by

(V(xy) € A x A)(dy(xy) = LED LW @)

is a pseudo-metric without triangle inequality on A, called a pseudo-metric without triangle inequality induced by a
0-weak pseudo-valuation (resp., weak valuation, near pseudo-valuation, near valuation, pseudo-valuation, valuation) ¢.

Proof.(M-1) By Corollary 13, we have dj,(x,y) = 9(x-y) —: Py - x) >0forallx,y € A.

(M-2) Let x € A. By (1) and (15), we have d/,(x, x) = p(x-x) Jrr plx-x) _ 9(0) t ?(0) _ 0“:0 —o.
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(M-3) Letx,y € A.
Then d,(x, y) = qv(x-y)qu(%x) _oy-x) +o(x-y) —ar

Y, x).
p
Hence, dj, is a pseudo-metric without triangle inequality on A. [

Theorem 24. Let ¢ be a pseudo-valuation (resp., valuation) on A and r be a positive real number. Then the real-valued
function d, : A x A — R which is defined in (27) is a pseudo-metric on A, called a pseudo-metric induced by a
pseudo-valuation (resp., valuation) ¢.

Proof. By Theorem 23, it suffices to prove (M-4).

(M-4) Letx,y,z € A. Then

P(x-y) +oly-x) +cp(y-Z)Jrqv(z-y)

dy(x,y) +dy(y,2) =

_oxy)toely-x)+oly-2z)+o(z-y)

_ ey telyz) ez y) +ely-x)
r r

S elx-z) gz x)

- r r

_p(x-z)+ oz x)
r

= diy(x,2).

Hence, dj, is a pseudo-metricon A. [

Theorem 25. Let ¢ be a valuation on A and r be a positive real number. Then the real-valued function di, : A x A — R
which is defined in (27) is a metric on A, called a metric induced by a valuation ¢.

Proof. By Theorem 24, it suffices to prove (M-5).

(M-5) Letx,y € A be such that dj,(x,y) = 0. Then

0=di(x,y) = ey toly-x) _ olcy) oy x)

r r r

It follows from Corollary 13 that ¢(x-y) = 0 and ¢(y - x) = 0. By (17), wehavex -y = 0and y - x = 0.
By (UP-4), we have x = y. Hence, d{, is a metric on A.
O

Theorem 26. Let ¢ be a 0-weak pseudo-valuation (resp., weak valuation, near pseudo-valuation, near valuation,
pseudo-valuation, valuation) on A and r be a positive real number. Then the real-valued function Dy : A x A — R
defined by

((x,y) € A x A)(D(xy) = LEWV X W5, e8)

is a pseudo-metric without triangle inequality on A, called a pseudo-metric without triangle inequality induced by a
0-weak pseudo-valuation (resp., weak valuation, near pseudo-valuation, near valuation, pseudo-valuation, valuation) ¢.

Proof.(M-1) By Corollary 13, we have D (x,y) = p(x-y) j AUAED) > O0forall x,y € A.

(M-2) Let x € A. By (1) and (15), we have Dj,(x, x) = plx-x) x p(x- %) = 9(0) x 9(0) _0 >: 0_ 0.

r
(M-3) Letx,y € A. Then Dfp(x,y) = P(x-y) j oy x) = oy x) X 9(x-y) = Dfp(y,x).

’
Hence, Dy, is a pseudo-metric without triangle inequality on A. [
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Theorem 27. Let ¢ be a pseudo-valuation (resp., valuation) on A and r be a positive real number. Then the real-valued
function Ay, : A x A — R defined by

(W(xy) € 4 x A)(Ap(xy) = LEI) 9)

is a quasi pseudo-metric on A, called a quasi pseudo-metric induced by a pseudo-valuation (resp., valuation) ¢.

Proof.(M-1) By Corollary 13, we have A}, (x,y) = 9(x-y) >0forallx,y € A.

r
(M-2) Letx € A. By (1) and (15), we have AJ,(x,x) = M = @ = g =0.
(M-4) Letx,y,z € A. Then

X 4
Ap(x,y) + Ay, z) = il p y) + (P(yr )
_9x-y)+o(y-2)
r
_ olx-2)
r
= Ap(x,2).
Hence, Aj, is a quasi pseudo-metricon A. [
Proposition 2. Let ¢ be a pseudo-valuation on A. Then
(Vx,y,a,€ A)(dy(x,y) > dy(a-x,a-y)). (30)

Proof. Let x,y,a € A. By (UP-1) and Proposition 1 (2), we have ¢((a-y) - (a-x)) < ¢(y-x)and ¢((a-x) - (a-
y)) < ¢(x-y). Thus

xX-y)+ - X
ar () = P(x-y) ! oy - x)

S ¢a-x)-(a-y)) +¢((a-y)-(a-x))

- r

=dy(a-x,a-y).
0

The following lemma is easily proved.

Lemma 2. Let ay,a,, by, by be real numbers. Then

(1) max{ay, b1} + max{ay, bo} > max{ay +ay, by + by}, and
(2) min{al, bl} + min{az, bz} < min{a1 +ap,b1 + bz}

Theorem 28. Let d be a real-valued function on A x A. Define the real-valued functions d° and d, on (A x A) x (A x
A) by
(V(x,y), (a,b) € Ax A)(d"((x,y), (a,b)) = max{d(x,a),d(y,b)}) (31)
and
(V(x,y), (a,b) € Ax A)(do((x,y), (a,b)) = min{d(x,a),d(y,b)}). (32)
Then

(1) if d satisfies the condition (M-1), then d° and d satisfy the condition (M-1);
(2) if d satisfies the condition (M-2), then d° and d satisfy the condition (M-2);
(3) if d satisfies the condition (M-3), then d° and d., satisfy the condition (M-3);
(4) if d satisfies the condition (M-4), then d° satisfies the condition (M-4);
(5) if d satisfies the condition (M-5), then d° satisfies the condition (M-5).
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Proof.

2

®)

4)

©)

(1) Assume that d satisfies the condition (M-1). Let (x,y),(a,b) € A x A. Since d(x,a) > 0 and
d(y,b) > 0, we have

d°((x,y), (a,b)) = max{d(x,a),d(y,b)} = 0
and

do((x,y),(a,b)) = min{d(x,a),d(y,b)} > 0.

Hence, d° and d, satisfy the condition (M-1).
Assume that d satisfies the condition (M-2). Since d(x, x) = 0 and d(y,y) = 0, we have

d°((x,y), (x,y)) = max{d(x, x),d(y,y)} = max{0,0} =0

and

do((x,), (x,y)) = min{d(x,x),d(y,y)} = min{0,0} = 0.

Hence, d° and d, satisfy the condition (M-2).
Assume that d satisfies the condition (M-3). Since d(x,a) = d(a,x) and d(y,b) = d(b,y), we have

d°((x,y), (a,b)) = max{d(x,a),d(y,b)}) = max{d(a,x),d(b,y)} = d°((a,D), (x,y))

and

do((x,y), (a,b)) = min{d(x,a),d(y,b)}) = min{d(a, x),d(b,y)} = d-((a,b), (x,y)).
Hence, d° and d, satisfy the condition (M-3).
Assume that d satisfies the condition (M-4). Since d(x,u) + d(u,a) > d(x,a) and d(y,v) + d(v,b) >
d(y,b), we have

d°((x,y), (u,v)) +d°((u,v),(a,b)) = max{d(x,u),d(y,v)} + max{d(u,a),d(v,b)}
> max{d(x,u) +d(u,a),d(y,v) +d(v,b)}
> max{d(x,a),d(y,b)}
=d°((x,y), (a,)).

Hence, d° satisfies the condition (M-4).
Assume that d satisfies the condition (M-5). Let (x,v), (a,b) € A x A be such that d°((x,y), (a,b)) = 0.
Then

0=4d°((x,y),(a,b)) =max{d(x,a),d(y,b)}.
Thus 0 > d(x,a) and 0 > d(y,b). Since d(x,a) > 0 and d(y,b) > 0, we have d(x,a) = 0 and d(y,b) = 0.
By (M-5) of d, we have x = a and y = b. Thus (x,y) = (a,b). Hence, d° satisfies the condition (M-5).
O

Theorem 29. Let d be a real-valued function on A x A. Then

(1)

(2)
(3)
(4)

if d is a pseudo-metric without triangle inequality on A, then d° and d, are pseudo-metrics without triangle
inequality on A X A;

if d is a quasi pseudo-metric on A, then d° is a quasi pseudo-metric on A x A;

if d is a pseudo-metric on A, then d° is a pseudo-metric on A X A;

if d is a metric on A, then d° is a metric on A X A.

Proof. It is straightforward from Theorem 28. [

Corollary 30. If ¢ is a O-weak pseudo-valuation (resp., weak valuation, near pseudo-valuation, near valuation,
pseudo-valuation, valuation) on A and r is a positive real number, then (dy,)°,(dg)o, (Dg)°, and (Dp,)o are
pseudo-metrics without triangle inequality on A x A.

Proof. It is straightforward from Theorems 23, 26 and 29 (1). O

Corollary 31. If ¢ is a pseudo-valuation (resp., valuation) on A and r is a positive real number, then (d;,)° is a
pseudo-metric and (Aj,)° is a quasi pseudo-metric on A x A.
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Proof. It is straightforward from Theorems 24, 27, 29(2) and 29(3). [
Corollary 32. If ¢ is a valuation on A and r is a positive real number, then (d,)° is a metric on A x A.

Proof. It is straightforward from Theorems 25 and 29(4). O

We recall the definition of a uniformly continuous function of metric spaces:

Definition 8. Let metric spaces (X,d1) and (Y, d,), a function f : X — Y is said to be uniformly continuous if
for every real number & > 0 there exists a real number § > 0 such that

(V,y € X)(di(x,y) < 6= da(f(x), f(y)) <e).

Theorem 33. If ¢ is a valuation on A with inf{(d},)°((x,y), (a,b)) | (d5,)°((x,y), (a,b)) > 0} > 0 exists, then the
binary operation - on A is uniformly continuous.

Proof. Assume that ¢ is a valuation on a finite UP-algebra A with more than one element. By Theorem
25 and Corollary 32, we have (A,d;,) and (A x A, (df,)°) are metric spaces. Let e > 0. Choose § =
inf{(d)°((x,y), (a,0)) | (dg)°((x,y), (a,b)) > 0}. Let (x,y), (a,b) € A x Abe such that (d;,)°((x,y), (a,0)) <
d. Then (d,)°((x,y), (a,b)) = 0. By (M-5), we have (x,y) = (a,b) and so x = a and y = b. Thus, by (M-2), we
have dj (- ( y),(a,b)) = dy(-(x,y),-(x,y)) = di(x -y, x-y) = 0 < &. Hence, the binary operation - on A is
uniformly continuous. [

weak pseudo-valuation

A

nonnegative constant  0-weak pseudo-valuation

real-valued function // \‘k

near pseudo-valuation —2Z—" weak valuation

N

pseudo-valuation —Z—— near valuation
zero constant valuation

real-valued function

Figure 1. Valuations and their generalizations for UP-algebras

If the UP-algebra A = {0}, then the valuation ¢ on A is the zero function. Thus df, and (d},)° are zero
functions. Hence, the binary operation - on A is uniformly continuous.

Theorem 34. If ¢ is a valuation on a finite UP-algebra A with more than one element, then the binary operation - on A
is uniformly continuous.

Proof. Assume that ¢ is a valuation on a finite UP-algebra A with more than one element. By (M-1) and (M-5)
and A x A has more than one element, we have {(d},)°((x,y), (a,b)) | (d},)°((x,y),(a,b)) > 0} is a finite
nonempty subset of R. Thus inf{(d},)°((x,y), (a,b)) | (d5)°((x,y), (a,b)) > 0} = min{(d},)°((x,y), (a,)) |
(d)°((x,y), (a,b)) > O} exists. By Theorem 33, we have the binary operation - on A is uniformly
continuous. O

4. Conclusions

In this paper, we have introduced the notions of a weak pseudo-valuation, a 0-weak pseudo-valuation, a
weak valuation, a near pseudo-valuation, a near valuation, a pseudo-valuation, and a valuation and induced a
pseudo-metric without triangle inequality, a quasi pseudo-metric, a pseudo-metric, and a metric by some these
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mappings on a UP-algebra. Then, we get the diagram of generalization of these mappings on a UP-algebra as
shown in Figure 1 (see Theorems 1,2, 4,5, 6,7, 8,9, 10, 11).
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