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Abstract

In this paper, a new concept of the fuzzy stability set of the first kind for multi-level multi-objective
fractional programming (ML-MOFP) problems having a single-scalar parameter in the objective
functions and fuzziness in the right-hand side of the constraints has been introduced. Firstly, A parametric
ML-MOFP model with crisp set of constraints is established based on the a-cut approach. Secondly, a
fuzzy goal programming (FGP) approach is used to find an a-Pareto optimal solution of the parametric
ML-MOFP problem. Thus, the FGP approach is used to achieve the highest degree of each membership
goal by minimizing the sum of the negative deviational variables. Finally, the fuzzy stability set of the
first kind corresponding to the obtained a-Pareto optimal solution is developed here, by extending the
Karush-Kuhn-Tucker optimality conditions of multi-objective programming problems. An algorithm to
clarify the developed fuzzy stability set of the first for parametric ML-MOFP problem as well as
[llustrative numerical example are presented.
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1 Introduction

Hierarchical optimization or multi-level mathematical programming (ML-MP) techniques are extensions of
Stackleberg games for solving decentralized planning problems with multiple decision makers (DMs) in a
hierarchical organization [1]. The basic concept of multi-level programming technique is that the first-level
decision maker (FLDM) sets his/her goal and/or decision, and then asks each subordinate level of the
organization for their optima, that calculated in isolation. The lower level decision makers’ decisions are
then submitted and modified by the FLDM in consideration of the overall benefit for the organization the
process continues until a satisfactory solution is reached [2,3]. ML-MP are common in government policies,
competitive economic systems, supply chains, vehicle path planning problems, and so on [4]. During the
past few decades, ML-MP [1,2,5] have been deeply studied and many methodologies have been developed
for solving such problems. Baky [3] studied FGP algorithm for solving a decentralized bi-level multi-
objective programming problem.

The solution of bi-level large scale quadratic programming problem with stochastic parameters in the
constraints has been studied by Emam et al. [6]. Saad et al. [7] presented a method for solving a three-level
quadratic programming problem where some or all of its coefficients in the objective function are rough
intervals. Pramanik and Roy [1] adopted fuzzy goals to specify the decision variables of higher level DMs
and proposed weighted/ unweighted FGP models for solving ML-MP to obtain a satisfactory solution.
Emam applied an interactive approach on bi-level integer multi-objective fractional programming problem
[8]. Multi-level decision-making problems were recently studied by Chen and Chen [9].

Fractional optimization problem is one of the most difficult problems in the field of optimization.
Optimization of the ratio of two functions is called fractional programming (ratio optimization) problem
[10]. Indeed, in such situations, it is often a question of optimizing a ratio of output/employee, profit/cost,
inventory/sales, student/cost, doctor/patient, and so on subject to some constraints [11]. Such type of
problems in large hierarchical organizations of complex and conflicting multi-objectives formulate ML-
MOFP problems. Omran et al. [12] extended the fuzzy approach to solve a three-level fractional
programming problem with rough coefficient in the constraints.

In real world decision-making situations, mathematical programming models involving fuzzy parameters
were viewed to be more realistic versions than the conventional one [9]. Therefore, the parameters involved
in the right-hand side of the constraints of the parametric ML-MOFP problem are assumed to be
characterized by fuzzy numbers.

Osman [13] introduced the notions of the solvability set, stability set of the first kind (the set of all
parameters corresponding to the efficient solution) and stability set of the second kind and analyzed these
concepts for parametric convex programming. Stability of multi-objective non-linear programming problems
with fuzzy parameters in the constraints was studied by Kassem and Ammar [14]. Saad [15] presented
stability of proper efficient solutions in multi-objective fractional programming problems under fuzziness.
Saad and Hughes [16], considered bicriterion integer linear fractional programs with single-scalar parameter
in the objective functions. Recently, a parametric study on multi-objective integer quadratic programming
problems under uncertainty has been presented by Emam [17].

Parametric programming investigates the effect of predetermined continuous variations in the objective
function coefficients and the right-hand side of the constraints on the optimum solution [18]. In parametric
analysis the objective function and the right-hand side vectors are replaced with parameterized function
¢(6) and b(a), where 6 and «a are the parameter of variation. The general idea of parametric analysis is to
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start with the a-Pareto optimal solution at 8 = 8° and @ = a*. Then by utilizing the Karush-Kuhn-Tucker
(KKT) optimality conditions the fuzzy stability set of the first kind (the set of parameters for which the
solution at at @ = 8° and @ = a* remain optimal and feasible) is determined [19].

Different basic notions like solvability set and stability set of the first kind for parametric multi-objective
programming have been studied in several papers. In the present research, these notions have been extended
to introduce the fuzzy stability set of the first kind for parametric fuzzy ML-MOFP problems. The proposed
parametric fuzzy ML-MOFP problem involves a single-scalar parameter in the objective functions and
fuzzy parameters in the right-hand side of the constraints. Firstly, a numerical parametric ML-MOFP model
is established based on a confidence level (a-level) then, a FGP approach is considered for finding an a-
Pareto optimal solution for such problem. In FGP approach, the membership functions for the defined fuzzy
goals are developed. Also, in the proposed approach, membership goals of the objective functions are
linearized. Then, the highest degree of each membership goals is achieved by minimizing the sum of the
negative deviational variables. Secondly, after obtaining an a-Pareto optimal solution, the parametric FGP
model is set up. Thus, based on the Kuhn-Tucker optimality conditions for multi-objective programming
problems, we apply KKT conditions on the parametric FGP model of the parametric fuzzy ML-MOFP
problem to formulate a system of equations. Then, the fuzzy stability set of the first kind, obtained from the
reduced system of equations.

The rest of this paper is organized as follows. Section 2 presents the parametric fuzzy ML-MOFP problems
formulation and introduces its solution concepts. Section 3 explains the developed FGP approach for solving
such problems. Section 4 proposes the fuzzy stability set of the first kind for parametric fuzzy ML-MOFP
problems. An algorithm for obtaining the fuzzy stability set of the first kind for parametric fuzzy ML-MOFP
problems is introduced in section 5. Illustrative example is given in section 6. This paper ends with some
concluding remarks in section 7.

2 Problem Formulation and Solution Concepts

Multi-level programming problems have more than one decision maker (DM). A decision maker is located
at each decision level and a vector of fractional objective functions, with single-scalar parameter 8, need to
be optimized. Consider the hierarchical system be composed of a t-level decision makers. Let the decision
maker at the i*"-level denoted by DM; controls over the decision variable x; = (xu,xiz, ...,xini) € R™,i =

1,2,...,t. wherex = (x4, X3, ..., X;) € R"and n = Y{_, n; and furthermore assumed that
Fi(xq, %2, ...,%x,0) = F;(x,0): R" X R™ X ..X R™ - R™, i{=12,..,¢t @Y

are the vector of fractional objective functions with single-scalar parameter 6 € R for DM;, i = 1,2, ..., t.
Mathematically, parametric fuzzy ML-MOFP problem may be formulated as follows [1,2,5]:

[15¢ Level]
max Fy(x,0) = max (£ (%0, 2%, 0), .., fir, (x,0)), @

where x5, X3, ..., X; Solves

[2" Level]
max F,(x,0) = max (f21(X, 0), f2(x,0), ---:kaZ(x; 9)); 3)

where x, solves
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[ t*h Level]

max F(x,0) = max (fu(x,0), fro(x,0), .., fur,(x,6)), )
Xt Xt
subject to
n
XE€G(x,b) ={x ER" ZAijx,- < b, x,20,(I=12,..,m)¢, (5)
j=1
where
N;i(x,0 ¢ + hig)x + al
fij(x,0) = 4(®%0) _( ) i=12,..,t j=12 .. k. 6)

Dij(x) dl]x+ﬂl'] ’

also ¢, h¥,dY € R™, and a”,BY are scalars in addition to that b is an m-vector of fuzzy number
characterized by any type of membership functions, such as triangular, trapezoidal, depending on DM's
preference. A; are the matrices of size m Xn;, i = 1,2,...,t. It is customary to assume that Dl-j(x) >
0V x €G(x,b), and represents the multi-level convex constraints feasible choice set in the fuzzy
environment.

Definition 1 [19]. Let b be a fuzzy subset of R with membership function ug - It is said that b is a fuzzy
number if the following conditions are satisfied:

b is normal, i.e., there exists an x € R such that up(x) =1,

Uj is quasi-concave, i.e., uz(wx + (1 — w)y) = min{uz(x), uz(v)} for all w € [0, 1],
Ug is upper semicontinuous, i.e., {x: u;(x) = a} is a closed subset of U for all @ € [0, 1],
The 0-level set by is a compact subset of U.

Definition 2 [14]. The a-level set of the vector of fuzzy parameters b, is defined as an ordinary set La(B) for
which the degree of its membership function exceeds the level set @ € [0, 1], where:

Lo(b) = {b € R™|uz(x) = a} = {b € [(D)%, (W)Yl = a,}

Based on the parametric fuzzy ML-MOFP model (2) — (5), with single-scalar parameter 6 € R in the
objective functions and fuzzy parameters in the right hand side of the constraints. Let ug, be the membership
functions which represents the fuzziness in the corresponding vector b. Thus, for a specified value of
a = a* € [0,1], estimated by all DM, the parametric a-(ML-MOFP) problem reformulated as follow:

[15¢ Level]
max Fy(x,0) = max (fi1(x,0), f12(x,0), ... fur, (x,6)), %)

where x5, X3, ..., X; Solves

[2™ Level]
max Fy(x,0) = max (fo(x,0), f2(%,0), ., for, (%, 0)), ®)

X2 X2
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where x, solves

[ tth Level]

max F(x,0) = max (fu(x,0), fr2(x,6), .., fue,(x,6)), ©)
Xt Xt
subject to
n
x € Gy(x,b) ={x €R" ZAU xjp < b, x;20,b € pp(x) Za,l=12,..m. ¢, (10)
=1

where the crisp system of constraints, in equation (10), at an a-level denoted by G, which form a compact
set.

Definition 3. For any x{(x1 € (G1)q = {x1|x = (x1, %3, ..., x¢) € (G)o}) given by FLDM and x,(x, €
(G = {x2lx = (x1,%x2, ..., x¢) € (G)g}) given by SLDM, if the decision variable x,(x; € (G;)y =
{x¢lx = (x4, %2, ..., x¢) € (G),}) is the a-Pareto optimal solution of the TLDM, then (xq, X3, ..., X;) is an
a-feasible solution of the parametric a-(ML-MOFP) problem.

Definition 4. If x* = (x7, x5, ..., x7) is an a-feasible solution of the parametric a-(ML-MOFP) problem; no
other a-feasible solutionx = (x;, ..., ;) € G, exist, such that f;;(x*,6°) < f;;(x,0°) with at least one
strict inequality hold for j(j = 1,2, ...,k.); so (x},x5,...,x;) is the a-Pareto optimal solution of the
parametric a-(ML-MOFP) problem.

Assuming that the parametric a-(ML-MOFP) problem has an a-Pareto optimal solution x* at §°.

3Fuzzy Goal Programming Approach of Parametric Fuzzy ML-MOFP
Problems

In the proposed FGP approach for parametric @ -(ML-MOFP) in order to obtain the compromise

(satisfactory) solution that is an a-Pareto optimal solution. The vector of objective functions for each DM

is formulated as a fuzzy goal characterized by its' membership function u( Fuilx 90))(1' =1,2,..,t),
ij\ %

(G =1,2,...,k;) [1,2]. The model formulation and solution process are carried out at § = 6°.
3.1 Characterization of membership functions

To define the membership functions of the fuzzy goals [3], each objective function's individual maximum is
taken as the corresponding aspiration level, as follows:

U.ijo = % ﬁj(x,eo), (l =12,.., t),(] =1,2, ...,ki), (11)

XEGy

where u;;°, give the upper tolerance limit or aspired level of achievement for the membership function of
ij" objective function at @ = §°. Similarly, each objective function's individual minimum is taken as the
corresponding aspiration level, as follows:

g;° =min f;;(x,6%, (=12,..,0),( =12 ...k, (12)

XEGy
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where g; 1-0, give the lower tolerance limit or lowest acceptable level of achievement for the membership
function of ij*" objective function. Assuming that the values of fi;(x,0°) =u;° (i=12,..,0),
(j = 12,..,k;), are acceptable and all values f;;(x,0°) < g;;°, are absolutely unacceptable. And all values
9i;° < fij(x,6°) < u;;° described by the membership function ”(fij(x,e")) = u,, as shown in Fig. (1), for

the ijt* fuzzy goal [1]:

{ 1, lfo(x,HO) > uijo,
fij(x,6%) — g;;° . )
=4 =2 if g,°<f;;(x0% <u;°, (i=1..0,(=1..k) (13)
Uij = Gij
Lo, if fi(x,6° < g;,°,

Hqt
S I S

»

o ] iy
G Ty .;Fz'_;u' ':xral}j

Fig. 1. Membership functions of maximization type for f;(x, %)

Following the basic concept of multi-level programming problems the first level decision maker sets his/her
goals and/or decisions and then asks subordinate level for their optima [1-3]. Therefore, to study the fuzzy
stability set of the first kind the vector of decision variables x;, (i = 1,2, ...,t — 1), (k = 1,2, ..., n;) for the
top levels are taken as binding constraints for the t™*-level problem as follows:

X = X (i=12..,t-1), (k=12 ..,1n), (14)
3.2 Fuzzy goal programming methodology

In the decision-making context, each decision maker is interested in maximizing his or her own objective
function; the optimal solution of each DM, when calculated in isolation, would be considered as the best
solution and the associated value of the objective function can be considered as the aspiration level of the
corresponding fuzzy goal [2]. In fuzzy programming approach, the highest degree of membership is one. So,
for the defined membership function in equation (13), the flexible membership goals having the aspired
level unity can be represented as follows [20]:

(i 69) + djj —dfy =1, (1=12,..,0), (=12, ..,k), (15)
or equivalently as:

fij(xreo) - gijo

e tdy—d =1, ((=12..,t), (=12,...k), (16)
Uij — Gij

where dl_]df; > 0 with dl-_]- X d{'j = 0, represent the under- and over- deviations, respectively, from the
aspired levels [1,3,4].
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In the classical methodology of goal programming, the under- and over- deviational variables are included
in the achievement function for minimizing them depends upon the type of the objective functions to be
optimized [1,3]. Thus, considering the goal achievement problem at the same priority level, the equivalent
proposed FGP model of the parametric a-(ML-MOFP) problem can be formulated as follows:

k1 k2 kt
min Z=Zw{j d[j+Zw;jd2_j+---+ZW{jd[j, 17)
j=1 j=1 j=1
subject to

fij(x,0°) — g;;°

S +d—di =1 (i=12.,0,(j=12..k), (18)
Uij~ = Gij

Xip = Xy, (i=12.,t—1),@w=12..,n), (19)
n
ZA” xj < by, (1=12,..m), x4 =0, (20)
j=1
()L < b, < (b)Y, (I=12,..m), 21
dij xdfj =0,and djj,df; 20,  (i=12,..,t), (=12,..k), @2)

where Z represents the achievement function consisting of the weighted under-deviational variables of the
fuzzy goals. The numerical weights w;; represent the relative importance of achieving the aspired levels of
the respective fuzzy goals these values are determined as [20]:

1
Wi; = uTgo' (l =12, .., t), (] =1,2, ...,ki), (23)
ij ij

3.3 Linearization of parametric membership goals

It can be easily realized that the parametric membership goals in equation (13) are inherently non-linear in
nature and this may create computational difficulties in the solution process. To avoid such problems, a
linearization procedure is presented in this section. Following Pal et al. [11] the parametric ij** membership
goals with single-scalar parameter 8 can be presented as:

up, (fiyx,69) +dj —dfy = 1, (=126, =1,..,k), (24)
0 0 - + 1
Llj(ﬁ](x,e ))_Lljgl.j +dl.]_dlj = 1, where Ll.j Zﬁ, (25)
Uij~ — Gij
N;;(x,0%) (Y +h¥0%) x + a¥
i(x,0°) = = - — ,(i=12,.,0),(=1,..,k), 26
6% === axrgr ¢ ), (J ) (26)
Considering the expression of f;;(x, 6°) , the above goal in equation (25) can be represented as:
(cV + hY0°) x + a¥ _

i di x + gy
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Li;[(cV + h76°) x + a'l] — L;;;;°[d"x + BY] + dj;[dY x + BU] — df[dVx + p1] =

[d"x + Y],

Lij[(Cij + hijQO) X+ a:ij] + di_j[dijx + [gij] _ dii-j[dijx + ﬁij] — (1 + Lijgijo)[dijx N ﬂij],

Li;[(cV + hUO®) x + aV] + d[dY x + Y] — di[dVx + U] = L%, [dV x + U],
where L(i)j = (1 + Lijgijo),

[Li; (¢ + i) — 19,dV]x + d5;[dV x + U] — dj[dV x + Bi] = 10,8V — L],

CUx + dj[dVx + BU] - djjdV x + BV] = Gy, 28)
Where

Ci = [Lij(Cif + hif@o) - L(i)jdij] and Gij = [L(i)j i _ Ll-ja:if],i =1,..,t j=1,...k; (29)

Considering the method of variable change presented by Pal et al. [11], the goal expression in equation (28)
can be linearized as follows. Letting D;; = d;;[dY x + ] and D;} = d}};[d"x + B'], then the linear form
of expression in equation (28) is obtained as:

CYx +Dj; — D} = Gy, (30)
with D;, Dt = 0; and Djj x Dj§ = 0, since dg},df; = 0, and d/x + BY > 0. Now, in decision making
policy, minimization of d;; means minimization of D;; = di_j[d” x + Y] which is also non-linear. So,
involvement of dj; <1, in the solution leads to impose the following constraint in the model of the
problem:

L< 1 (1)
[0 x+p0]~

Now, based on the simplest version of goal programming, the final proposed FGP model of the
parametric a-(ML-MOFP) problem in model (17)-(22) becomes:

kq ks ke
min Z= ) wi;Dij+ ) wyDyj -+ ) wiD, (32)
j=1 j=1 j=1
subject to
[Li;(cV + hi9°) — L,d"]|x + Dj; — D}t = [L);BY — Lyja'l] Vi, j (33)
Xy = Xy, (i=12..,t=1), (v=12.,m) (34)
—dij X + Dl; S ,Bij: (L = 1F21 -"'t)! (] = 1'2’ ""ki)’ (35)
n
ZA” xj < by, (1=12,..m), X =0, (36)
j=1
(bl é < bl < (bl)g' (l = 1,2, m), (37)
Di;: DL-']— 2 0, (l = 1!2' bR t)' (] = 1'2’ B ki)’ (38)
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Thus, the above FGP model provides the satisfactory solution x° for the parametric a -(ML-MOFP)
problem.

4 The Fuzzy Stability Set of the First Kind for Parametric Fuzzy ML-
MOFP Problem

Now, the main question is: Having solved the parametric a-(ML-MOFP) problem to what extents can its
data with respect to @ and 6 be changed without invalidating the efficiency of its @-Pareto optimal solution
(compromise solution)?

Thus the definition of the set of feasible parameters, solvability set and the fuzzy stability set of the first
kind for parametric a-(ML-MOFP) problem is given as follows:

Definition 5 [15]. The set of feasible parameters for the parametric a-(ML-MOFP) problem is defined by:
V={beR™b €L,(b) ael01](=12,..,m)and G,(x,b) # B}.

Definition 6. The solvability set B of the parametric a-(ML-MOFP) problem is defined by:
_ m|parametric @ — (ML — MOFP)problem }
B= {(6' b) €R xR has an @ — Pareto optimal solution. ’

Definition 7. Suppose that x° be an a-Pareto optimal solution (compromise solution) of the parametric a-
(ML-MOFP) problem, then the fuzzy stability set of the first kind $;(x°, @) corresponding to x is defined
by:

0 — Pareto optimal solution of
$1(2°, ={0,b eRxgm[¥ sana }
1%, @) =16,b) parametric o — (ML — MOFP)problem
The fuzzy stability set of the first kind of the parametric a-(ML-MOFP) problem is the set of all parameters
corresponding to one a-Pareto optimal solution [14,15]. It is easy to see that the fuzzy stability of the
parametric a-(ML-MOFP) model (7)-(10) implies the stability of the parametric FGP model which is
defined as follows:

ki ko k¢
min 2= ) wi;Dij+ ) wiDyj -+ ) wiD, (39)
j=1 j=1 j=1
subject to
[Lij(cV + h0) — 1;dY]x + Dj; — D = [L),BY — Lyja¥]  Vi,j (40)
Xy = X}y, (=12t =1), (v=12..,m), (41)
—dlj x + DL; < .Bij! (l = 1!21 ...,t), (] = 1'2' ""ki)' (42)
n
ZA” xj < b, (1=12,..m), (43)
j=1
Xpp =0, wv=1.2,..,1n), (44)
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(b)e < by < (b3, (l=12,..m), (45)
Djj, D 20, (=12.,0,G=12..k), (46)

4.1 Utilization of the Karush-Kuhn-Tucker optimality conditions corresponding to
parametric FGP model

The Lagrangean function of parametric FGP model (39)-(46) follows as [16,19]:

k1 ko ke
L= Zwl_j Dy; +Zw2_jD2_j + ---+ZW{jD{j
=1 =1 =1
+ /’{U I:[LU(C” + h”g) - L(L’]d”]x + Dl.; - D,j - [L(L)] i LUa”]] + fiv[xiv - x;v]
n
— Yooy + [ —dV x + D5 = pU] + v | Y Ay 2= by |+ milby = (B)Y] (47)
=1
+ ¢i[—b, + (b4 + )/ij[_Di;] + 5ij[—DiJ}

where 4,&,9,u,v,1,¢,y and § are the Lagrange multipliers. Then the Karush-Kuhn-Tucker necessary
optimality conditions [16,19] corresponding to the parametric FGP model (39)-(45), which has the above
Lagrangean function, will have the following form:

m
JdL . . . .
E = AU[LU(C” + h”@) - L(l’]du] + S;iv - IIJ“) - l’lijdl] - z viAij = 0, (] = 1,2 ...,n), (4’8)
] i=1
daL
=V + m— ¢l = 0, (l = 1,2, ...,m), (49)
ab,
dL _ . .
B’?ZWU'F ;{LJ+HLJ_)/1] =O, (l = 1,2, ...,t), (] = 1,2,...,](,:), (50)
y
oL . .
m = - /1” - 611 = 0, (l = 1,2, ...,t), (] = 1,2, ...,kl'), (51)
y
[Lij(cij + hllg) - L(L)Jdu]x + DL; - DL-']— - [L(L)j b Ll'jaij] = 0, Vl,] (52)
Xy — Xiy = 0, (i=12..,t-1), (v=12..,m) (53)
—-dx +Dj; —pY <0, (i=12,..,t), (=12,..,k), (54)
n
ZAU X; — bl < O, (l = 1,2, m), (55)
j=1
(b)L — b, <0, (1=12,..m), (56)
bl - (bl)g <0, (l = 1,2, m), (57)

10
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Djj, Di’; >0, (i=12,..,t),7=12..,k), (58)
Xpy =0, (v=12.,m) (59)
uij|-dY x +Djj — pU] =0, (i=12,..,t),G=12..,k), (60)
n
v ZAL-,- x—b|=0, =12 ..,m), 61)
j=1
b, — (b)Y] =0, (1=12,,..,m), (62)
¢[—b, + (b)L] =0, (1=12,,..,m), (63)
vij Dij =0, (i=12..,t),0=12..,k), (64)
8, D =0, (i=12..t),0G=12..,k), (65)
VX = 0, (v=12.,n), (66)
Y,u,v,n,¢,7,8 =0, and A, € ER, (67)

where all the expressions of the Kuhn-Tucker conditions (47)-(67) are evaluated at the a-Pareto optimal
solution x%0f the parametric FGP model. Moreover, &1, i, v,7, ¢,y and & are the Lagrange multipliers.
Solving the system of equations (47)-(67), the fuzzy stability set of the first kind §;(x°, @) for parametric
fuzzy multi-level multi-objective fractional programming problem with single-scalar parameter in the
objective functions and fuzziness in constraints will be obtained.

5 Algorithm for Determination of the Fuzzy Stability Set of the First
Kind S;(x%, )

Following the above discussion, an algorithm will be developed for obtaining the fuzzy stability set of the
first kind §4(x°, @) for parametric fuzzy ML-MOFP problem as follows:

Step 1.
Step 2.

Step 3.
Step 4.

Step 5.
Step 6.
Step 7.

Step 8.

Step 9.
Step 10.
Step 11.

Stage I: obtain a compromise solution of the problem

Set the value of a, acceptable for all decision makers.

Postulate that 8 = 9° at the first.

Compute the individual maximum and minimum values for each objective function.
Set the goals and the upper tolerance limits for each objective function in all levels,
according to equations (11)-(12).

Evaluate the weights w;; as defined in equation (23).

Set £ = 1, for the i*" level problem.

Formulate the membership functions p; = Hry; (ﬁj(x, 90)) j=1,2,..,k as in equation
(13).

Do the linearization procedures for each parametric membership goal according to
equations (28)-(30) at 8 = 6°.

Solve the ¢*" level FGP model to get the decision variables x,, = X},,.

If £ > t — 1, then go to the Step 11; otherwise set £ = £ + 1, and go to Step 7.

Solve the final FGP model, as in equations (32)-(38). to get the a-Pareto optimal solution

x0.

11
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Stage II: determination of the fuzzy stability set of the first kind §,(x°, @)

Step 12. Formulate the parametric FGP model (39)-(46).

Step 13. Obtain the Lagrangian function, for the final FGP model, as in equation (47).

Step 14. Apply the Kuhn-Tucker optimality conditions to find, the fuzzy stability set of the first kind,
equations (48)-(67).

Step 15. Reduce the system of equations (48)-(67), to obtain the fuzzy stability set of the first kind
$1(x°, ) and Stop.

6 Illustrative Example

To demonstrate the proposed algorithm for finding the fuzzy stability set of the first kind, consider the
following parametric fuzzy ML-MOFP problem with single-scalar parameter in the objective functions and
fuzziness in the right hand side of the constraints.

[15t Level]
ngl + xz + (1 - 9)x3 + 5 6x1 + (4‘ - 9)x2 - 9x3
,0) = ) ,0) = )
m\}%x (fll(x ) Xy + 2x, +4x3 fi2(%,6) X1+ 2x, + x3
where x,,x3 solves
[2™ Level]
(2 - H)xl + 36.7(2 - 2x3 + 4 39x1 - (3 + H)XZ + 4‘x3 + 1
0) = 0) =
e’ <f21(x, ) 2x; + x; + x3 Ja(%,6) X1 + 2%, + X3 ’

X2
where x3 solves

[37¢ Level]

7x1 + (0 — 1)x, — 3x; 60x; — (2 + 0)x, + 3x3 + 2)

max <f31(x:9)= X, + 3%, + 2x; f32(x,0) =

A X1 + 3%,

subject to
2x; + X, + x5 < by,
X, — ZXZ + 3x3 < bz,
Xy + 2%, =3,

X1 > O,xz > 0,x3 > 0.

where, b, and b,, are fuzzy parameters and are characterized by the following triangular fuzzy numbers:
b, = (3,10,15), b, = (2,7,12),.

Stage I: finding the o-compromise solution of the parametric fuzzy ML-MOFP problem.
For a desired value of a, assume that an a-level of 0.2 is accepted by the three level DMs then we get:

3+7a<b; <15—-5aand 2 + 5a < b, <12 — 5a, choosing b; = 10 and b, = 8. Then assuming that
the parametric a-(ML-MOFP) problem has an a-Pareto optimal solution x° at § = ° = 1.

12
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[15t Level]
( _ 2x1+x2+5 _6x1+3x2_x3)
m\}%x f1(*) _x1+2x2+4x3'f12(x) X+ 2x, a3 )
where x5, x3 solves
[2"¢ Level]
( X+ 3x, —2x3 + 4 3x1—4x2+4x3+1)
max x) = , x) =
e far () 2x1 + x5 + x3 f2 (%) X1 + 2%, + X3
where x3 solves
[37¢ Level]
( 7%, — 3x3 6x; — 3x, + 3x3 + 2)
max xX)=——6#— x) = ,
— f3:1(0) X1 + 3%y + 2x3 f32() X1 + 3%,

x3
subject to

2x1 +x, +x3 < 10,
Xy — 2% +3x3 <8,
Xy + 2%, =3,

x; = 0,x, 20,x3 = 0.

The individual maximum and minimum values are summarized in Table 1. The decided aspiration levels,
upper tolerance limits and the weights w;; are also given.

Table 1. Individual maximum, minimum values, u;;, g;; and weights w;;

f11(x) f12(x) [21(x) [22(x) [31(x) f32(x)
max (fij(x))  3.667 6 5.667 3.57 7 8.33
min (f;;(x)) 0.3 0.125 0.226 -1.95 -0.93 -0.93
u;j 3.7 6 5.7 3.6 7 8
9ij 0.3 0.125 0.23 -1.95 -0.93 -0.93
w;; 0.294 0.17 0.183 0.18 0.126 0.112

The coefficient of the linearized membership goals are presented in Table 2.

Table 2. The coefficient of the linearized membership goals (C¥)" and G

_ f11(%) f12(%) f21(%) f22(%) f31(%) f32(%)
(el —0.512\" 0 \" /—1.897\T —0.109\" 0 \T —0.224\"
( -191 ) (—1.53) (—0.491) (—2.018> ( —2.64 ) (—3.024)
—4.4 -1.19 —1.41 0.071 —2.138 0.336
Gy -1.47 0 -0.732 -0.18 0 -0.224

Solve the first and the second level programming problems using FGP model to get x{ and xJ. Thus, the
final proposed FGP model for the parametric fuzzy ML-MOFP problem is obtained as:

minZ = 0.294Dy; + 0.17D5, + 0.183D3; + 0.18D3, + 0.126D3; + 0.112D;,

13
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subject to

—0.512x; — 1.91x, — 4.4x; + D;; — D}, = —1.47,

0x; — 1.53x, — 1.19x3 + D — D, =0,

—1.897x; — 0.491x, — 1.41x; + D;; — Df; = —0.732,
—0.109x, — 2.018x, + 0.071x3 + D;, — DS, = —0.18,
0x;, — 2.64x, — 2.138x5 + D3; — D3, = 0,

—0.224x, — 3.024x, + 0.336x5 + D3, — D, = —0.224,
—x; —2x, —4x3+ D3 <0,

—x1 — 2x, —x3 + D; <0,

—2x; —Xx; —x3+D;; <0,

—x1 — 2x, — x5+ D3, <0,

—x1 —3x, —2x3+ D3; <0,

—x; —3x, + D3, <0,

2xy +x, +x3 <10,

X, — 2%, +3x3 <8,

Xy +2x, =3,

x1=3,
x, =0,
x3 =0,

- p+t p= nt D= p+t n- Nt n- D+t p- Dt
D11, D11, D1z, D13, D31, D31, D3a, D35, D3y, D33, D3z, D3 2 0.

Using Lingo programming, the a-compromise solution of the parametric fuzzy ML-MOFP problem is
obtained at (x2,x9,x2) = (3,0,0).

Stage II: determination of the fuzzy stability set of the first kind S (x°, @)
To determine the fuzzy stability set of the first kind §;(x°, @) of the parametric fuzzy ML-MOFP problem,
the coefficients of the linearized membership goals in the parametric form are recalculated and summarized

in Table 3. and Table 4 respectively.

Table 3. The coefficients of the linearized membership goals (¢’ + h¥0)" and G;;

_ _ f11(x,08) f12(x,0) f21(x,6)
(cV + hYo)" —1.1+0.5880 \" 0 T —1.714 — 0.1836\"
( -1.91 ) -1.36 — 0.179) —1.04 + 0.5496 )
—4.11 — 0.2946 -1.02 - 0.176 —1.41
G;; -1.47 0 -0.732

Table 4. The coefficients of the linearized membership goals (¢ + h0)" and G;

f22(x,0) f31(x,6) f3:(x,0)
(c + hig)T —0.649 + 0.540\" 0 T —0.896 + 0.6726\"
(—1.838 - 0.189) (—2.77 + 0.1269> (—2.912 - 0.1129)
0.071 —2.138 0.336
Gy -0.18 0 -0.224

Therefore, the stability of parametric fuzzy ML-MOFP problem implies the stability of the parametric FGP
model which is defined as follows:

minZ = 0.294D5; + 0.17D5, + 0.183D5; + 0.18D5, + 0.126D5; + 0.112D3,

subject to
(—1.1 +0.58860)x, — 1.91x, — (4.11 + 0.2940)x; + D;; — Df; = —1.47,

14
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0x; — (1.36 + 0.176)x, — (1.02 + 0.170)x; + D;, — D, =0,

—(1.714 + 0.1830)x; + (—1.04 + 0.5490)x, — 1.41x5 + D;; — D#; = —0.732,
(—0.649 + 0.548)x; — (1.838 + 0.186)x, + 0.071x5 + D5, — D5, = —0.18,
0x; + (—2.77 + 0.12660)x, — 2.138x5 + D3; — D§; =0,

(—0.896 + 0.6720)x; — (2.912 + 0.1120)x, + 0.336x3 + D3, — D, = —0.224,
—x; — 2x, —4x3+ D; <0,

—x1 — 2x, — x5+ D5 <0,

—2%x; —x, —x3+ D33 <0,

—x1 — 2x, —x3+ D3, <0,

—x; —3x, —2x3+ D3; <0,

—x; —3x, + D3, <0,

2x1 +x, +x3—by <0,

Xy — 2%, +3x3— b, <0,

Xy +2x, =3,

34+ 7a<b; £15-5aq,

24+ 5a<b,<12-5q,

x1=3,
x, =0,
x3 =0,

Dl_l! Df—l! Dl_Z! Df—Z! D2_1' D2+1' D2_2' D2+2' D3_1! D3+1! DS_Z! D;—Z = 0.
The Lagrangean function of the above parametric FGP model follows as:

L = 0.294D;; + 0.17D;, + 0.183D;; + 0.18D;, + 0.126D5; + 0.112D5,
+ A [(=1.1 + 0.58860)x, — 1.91x, — (4.11 + 0.2940)x5 + Dj; — D, + 1.47]
+25500%; — (136 + 0.176)x, — (1.02 + 0.170)x5 + D, — Dib]
25, [—(1.714 + 0.18360)x; + (—1.04 + 0.5490)x, — 1.41x; + Dy, — D}, + 0.732]
+25,[(—0.649 + 0.540)x; — (1.838 + 0.186)x, + 0.071x5 + D;, — D3, + 0.18]
+23,[0%; + (=2.77 + 0.1260)x, — 2.138x5 + D5, — D]
+25,[(—0.896 + 0.67260)x; — (2.912 + 0.1120)x, + 0.336x5 + D3, — D3, + 0.224]
+81[x1 = 31+ &l — 0] + pag[—x1 — 2x5 — 4x3 + D] + pyal—x1 — 22, — x5 + Dp3]
Fhz1[=2x1 — x3 — x5+ Doyl + Uoa[—x1 — 225 — x3 + D3]
Fusi[—x1 — 3%, — 2x3 + D31] + psa[—x1 — 3x5 + D3z] + v1[22 + x5 + x5 — by]
+u,[x; — 2%, + 3x5 — by + v3[—x; — 2x, + 3] + n4[by — 15 + 5] + n,[b, — 12 + 5a]
+¢1[—by + 3+ 7al + ¢,[—b, + 2 + 5a] +P[—x3] + y11[—Di] + 811 [-Dii]
+Y12[—D12] + 612[=D2] + v21[—D21] + 821[—D31] + v22[—D32] + 822[—D3>]
+¥31[=D31] + 831 [=D31] + v32[—D3z] + 632[—D3> ]

where, 0, 11, 412, 421, 422, 431, 432, §1,§2 € R, and 4, Uy2, U1, Ba2s H31) Hs2) U1, U2, Vs, 1, 2, o
N1, M2, Y = 0 also ¥Y11,¥12, Y21, Y22, Va1, V32, 011, 012, 021, 822, 831,85, = 0 are the Lagrange multipliers.
Therefore, the Kuhn-Tucker necessary optimality conditions corresponding to the parametric FGP model
follows as:

oL
i (—1.1 + 0.5880)A;; — (1.714 + 0.18360)A,; + (—0.649 + 0.540)1,,

+(=0.896 + 0.6726) A3, + &1 — pa1 — P12 — 2Ua1 — Haz — Mz — M3z + 203
+U2 - Uz = 0,

L
T = ~ 19141 — (136 + 0176) 4y + (—1.04 +0.5496) 1z, — (1838 + 0.186) 2y,
2

+(—2.77 + 0.1260) 23, — (2.912 + 0.1120) A3, + &, — 211 — 21 — Ho1 — 203,
—3uzq — 3Uzy + v — 2v, — 23 =0,
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oL

To = ~(A11+02940) 4y — (102 + 0.176)4; — 1412, +0.0712z, — 2.1384;,
3

+0.33643; — 411 — M1z — Ho1 — M2 — 2p31 + V1 + 30, — P =0,

v+ — ¢ =0,

6b1

oL

b, —v; + 12— ¢, =0,

Do, =029+ A1 + U1 — Y11 =0,
oL

ﬁ = =M1 =611 =0,
oL

oD, =017 + A5 + phy =12 =0,
oL

m =—A;—612=0,

oL

aD;, = 0183+ Ay + Uy — V21 =0,
oL

ﬁ =421 =6, =0,

oL

aD,, =018+ 25 + Uz — V22 =0,
oL

W;z = A3z =822, =0,

oL

oD, = 0126+ 433 + p31 —¥31 =0,
oL

ﬁ =—A3; =65, =0,

oL

aDs, =0112+ A3, + U3, — V32 =0,
oL

W;z = A3 =83, =0,

paa[=x1 — 2x; — 4x3 + D3] = 0, i.e. py1 =0,

taz[—x1 — sz —x3+ D] =0, i.e. up =0,
Ha1l— 2351 —x; —x3+Dy] =0, i.e. Uy =0,
Haz =2, — sz —x3+ D3] =0, l.e. Uy =0,
tarl—=x; —3x; —2x3 + D3] = 0, i.e. uz; =0,
Haz[—x; —3x; + D3] =0, i.e. Uz, =0,
v1[2x1+x2+x3—bl]—0 i.e. v, =0,
vy[x; — 2%, + 3x3 — b,] =0, i.e. v, =0,
vs[—x; — 2x, + 3] =0, i.e. v3 # 0,
n.[by — 15 + 5a] = 0, i.e.n, =0,
n2[[b, — 12 + 5a]] = 0, ie. 1, =0,
¢1[-by +3+7a] =0, i.e. ¢, =0,
¢2[—b, +2+5a] =0, i.e. ¢,=0,
Y[—x3] =0, i.e. Pp#0,
Y11[=Dnl =0, i.e. Y11 =0,
8::[-Dfi1=0, ie. 8,1 %0,
Y12[=D2] = 0, i.e. y12 #0,
81,[-DH1 =0, ie. 8, %0,
Y21[—Dz:]1 =0, i.e. ¥y =0,
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82:1[-D#H]1 =0, i.e. 8, #0,
Y22[=D3] =0, i.e. y,, =0,
8,,[-D3,] =0, i.e. 8, #0,
Ys1[=D51]1 =0, i.e. Y31 #0,
83:1[-Ds1] =0, i.e. 831 %0,
Y32[—D32] =0, i.e. y3, =0,
83,[-D3,] =0, i.e. 83, #0,

—x; —2x, —4x3+ D3 <0,
—x1 — 2x, —x3 + D; <0,
—2x; —Xx; —x3+D;; <0,
—x1 — 2x, — x5+ D3, <0,
—x1 —3x, —2x3+ D3; <0,
—x; —3x, + D3, <0,
2xy + Xy +x3— by <0,

X1 — 2%, +3x3 — b, <0,
—x; —2x,+3 <0,

34+ 7a <b; <15-5q,
24+5a<b, <12 -5aq,

x; =3,
x2=0,
x3 =0,

- p+ p= npt D= D+t D- Dt D- DF pD- D+
D11, D13, D1z, D13, D21, D3y, Dy, Dy, D3y, D33, D3y, D 2 0.

Solving the above system of equations we get: A;; = —0.294,1,; = —0.183,1,, = —0.18, 13,
—-0.112,-0.17 < 1;, £ 0,—-0.126 < A3, < 0,8;; = 0.294,6,, = —A;,,6,, = 0.183,

032 = 0.18, 831 = —431,83, = 0.112and &;,$; € R also, pyg = gy = fyy = Hpp = Hzy = Pzp = U1 =
V=M =M =¢1 =¢2=V11 = V21 = Va2 = V32 = 0,and y15,¥31, 9,03 = 0.

The above system of equations is reduced to the following system of equations:

(—=1.1+40.5880)4,; — (1.714 + 0.1836)4,, + (—0.649 + 0.540)A,, + (—0.896 + 0.6720)
A3z +81 —v3 =0,
—1.914;; — (1.36 + 0.176) 4, + (—1.04 + 0.5496)1,, — (1.838 + 0.186)4,, + (—2.77 +
0.1260)A5,; — (2.912 + 0.1126) A5, + &, — 2u; = 0,

(_4‘.11 - 0.294‘9)/111 - (1.02 + 0.179)/112 - 1.4‘1121 + 0.071122 - 2.138/131 + 0.336/132
— lp = 0’

Therefore, the fuzzy stability set of the first kind for the parametric fuzzy ML-MOFP problem of the
numerical example is given by:

3.679 +[—0.281 — 0.341,, + 0.12615,]10 — 2.381,, — 4.9113,
O0€ER, |+&6+&E—-3v3—9P =0, &,& ER v, =0,
a€[0,1]]-017 < 1,, <0, —0.126 < 13; <0,

34+7a<b £15-5g, 2+ 5a<b, <12 - 5a.

S (3,0, 0, a’) =

7 Conclusion and Summary

In the present research, the fuzzy stability set of the first kind for the parametric fuzzy ML-MOFP problem
has been presented. Some basic stability notions like the set of feasible parameters and the solvability set
have been defined for such problem. Moreover, FGP approach has been extended to find an a-Pareto
optimal solution for parametric fuzzy ML-MOFP problem. In FGP approach, the membership functions for
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the defined fuzzy goals are developed. Also, in the proposed approach, linearization of membership goals of
the objective functions is presented. Then, the highest degree of each of these membership goals is achieved
by minimizing the sum of the negative deviational variables. After obtaining the compromise solution, the
Lagrangian function is formulated. To obtain the fuzzy stability set of the first kind, the Kuhn-Tucker
necessary optimality conditions are developed. A procedure has been suggested for the determination of the
fuzzy stability set of the first kind for such problem.

Several open points for research in the area of parametric ML-MOFP problems, from our point of view, to
be studied in the future. Some of these points are given in the following:

1. Interactive algorithm is needed for dealing with parametric fuzzy multi-level multi-objective
fractional programming with fuzzy demands.

2. Interactive algorithm is needed for dealing with parametric rough multi-level multi-objective
fractional programming.

3. Fuzzy goal programming algorithm is required for treating parametric multi-level multi-objective
fractional in rough environment.
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