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ABSTRACT

In this paper, we investigate the generalized third order Pell sequences and we deal with, in detalil,
three special cases which we call them third order Pell, third order Pell-Lucas and modified third
order Pell sequences. We present Binet's formulas, generating functions, Simson formulas, and
the summation formulas for these sequences. Moreover, we give some identities and matrices
related with these sequences.
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1 INTRODUCTION It is well-known that the Pell sequence (sequence
A000129in [1]) { P.} is defined recursively by the

. . . . i fi >
In this paper, we introduce the generalized third equation, forn = 0

order Pell sequences and we investigate, in Pnis =2Pni1 + P,

detail, three special case which we call them third

order Pell, third order Pell-Lucas and modified in which P, = 0 and P; = 1. Then Pell
third order Pell sequences. sequence (second order Pell sequence) is
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0,1,2,5,12,29,70,169, 408, 985, 2378, 5741, 13860, 33461, ...
This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [2,3,4,5,6,7,8,9,10]. For higher order Pell
sequences, see [11,12].
The generalized Tribonacci sequence {W,,(Wo, W1, Wa; 7, s,t) }n>o (or shortly {W, },>0) is defined

as follows:
Won=1Wp_1+sWno+tW,_3, Wo=a,Wi=bWy=c, n>3 (1.1)

where Wy, W1, W> are arbitrary complex (or real) numbers and r, s, ¢t are real numbers.
This sequence has been studied by many authors, see for example [13-25].
The sequence {W,, }..>0 can be extended to negative subscripts by defining
s T 1
Won ==Wotnot) = {Weo-2) + T Wo(ns)
forn =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

As {W, } is a third order recurrence sequence (difference equation), it's characteristic equation is

2 —rz® —sz—t=0 (1.2)
whose roots are
a = a(r,sﬁ):g—i—A—&—B
8 = B(r,s7t):§+wA+w2B
v = 'y(r,s,t):g+w2A+wB
where
r* rs t e r* rs e
A = <E+€+§+x/ﬁ ,B:<E+g+§—\/ﬁ>
A = A(T,s,t):g—?—fossz—i—%t—;—i—&—é, :%Ng:exp(%ri/i%)

Note that we have the following identities

at+B+y = 1
af+ay+py = -—s,
afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real (o) and two non-real solutions with the latter being
conjugate complex. So, in this case, it is well known that generalized Tribonacci numbers can be
expressed, for all integers n, using Binet’s formula

bia™ n bo 8™ + bsy"
(a=B)a=7) B-a)B-7) (—a)y—5)

W, = (1.3)

where

by =Wy — (B +’Y)W1 + ByWo, ba = Wo — (CZ +’Y)W1 + ayWoy, by = Wa — (a + ,B)Wl + afWo.
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Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers
n, for a proof of this result see [26]. This result of Howard and Saidak [26] is even true in the case of
higher-order recurrence relations.

In this paper we consider the case r = 2, s = t = 1 and in this case we write V,, = W,,. A generalized
third order Pell sequence {V,.}n>0 = {Va(Vo, V1, V2)}n>o is defined by the third-order recurrence
relations

V=2V 1+ Vo o+ Vi3 (1 4)

with the initial values Vy = co, V1 = ¢1, Vo = ¢2 not all being zero.
The sequence {V,}.>0 can be extended to negative subscripts by defining
Von = _Vf(nfl) - 2V7(n72) + Vf(n73)

forn = 1,2, 3, .... Therefore, recurrence (1.4) holds for all integer n.

(1.3) can be used to obtain Binet formula of generalized third order Pell numbers. Binet formula of
generalized third order Pell numbers can be given as

bla" + bzﬂn + bg’yn
(a=B)la—y) B-a)B-7) -—a)(y—2H)

V.=
where
by =Vo— (B+7)Vi+ByVo, ba=Va — (a+7)Vi + oV, by = Vo — (a+ B)Vi + aBVy.  (1.5)

Here, o, 3 and ~are the roots of the cubic equation z> — 222 — z — 1 = 0. Moreover

1/3 1/3
_ 2 (81, /¢ (61 _ /29
“ T 37\ 36 54 6
1/3 1/3
B — 2+ §+ @ +w2 671_ @
- 3%\ m; 36 54 36
1/3 1/3
2 28, /29y L (8L_ /29
3 54 36 54 V36

1443
2

2
\

where
= exp(27i/3)

Note that
atft+y = 2

aB+ay+By = —1,
afy = 1.

The first few generalized third order Pell numbers with positive subscript and negative subscript are
given in the following Table 1.
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Table 1. A few generalized third order Pell numbers

n Va Von

0 Vo Vo

1 \ %1 Vo —2V1 + V>

2 Va V2 +3V1 - Wy

3 2Va+ V1 4+ Vo Vo + V1 +4V,
4 5Va 4+ 3V1 4+ 2V, 4Vo — 9V — 3V,

5 13Vo +7V1 + 5V -3V + 10V; — 6V
6 33Ve 4+ 18V1 + 13V} —6Va + 911 + 16V,
7 84Vs 4+ 4611 + 33V 16V, — 38V — 7V
8 117Vh +214Ve + 84V,  —7Va + 30V1 — 31V,

Now we define three special case of the sequence {V,,}. Third-order Pell sequence{ P>}, 0, third-
order Pell-Lucas sequence {Q%?’)}nzo and modified third-order Pell sequence {E,(f")}nzo are defined,
respectively, by the third-order recurrence relations

P, =2P®), + P+ PP®, PP =0,P =1,P" =2, (1.6)

Qs =200 + QL + @Y, &Y =301 =20 =6 (17)
and , ‘ ‘

E®, =283, +EQ), +EY, EP =0,EY =1,E =1. (1.8)

The sequences {P'¥},50, {Q¥}ns0 and {ES},>0 can be extended to negative subscripts by
defining

3) _ (3)
P = —P_( —2P (n 2) +P (n 3) (1.9)
and
3) _ (3) (3) (3)
Q Q (n— 1)_2Q (n— 2)_|—C2 (n—3) (110)
and
(3) (3) (3) (3)
E®) = -EY ) —2EY _, + EY, 5 (1.11)

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.9), (1.10) and (1.11) hold for all integer n.

In the rest of the paper, for easy writing, we drop the superscripts and write P,,, @, and E, for
PP QY and EY, respectively.

Note that P, is the sequence A077939 in [1] associated with the expansion of 1/(1 — 2z — 2 — %),
Q@ is the sequence A276225 in [1] and Q,, is the sequence A077997 in [1].

Next, we present the first few values of the third-order Pell, third-order Pell-Lucas and modified third-
order Pell numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative

subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
P 0 1 2 5 13 33 84 214 545 1388 3535 9003 22929 58396
P_, 0 0 1 —1 —1 4 -3 —6 16 -7 —-31 61 —6 —147
Qn 3 2 6 17 42 107 273 695 1770 4508 11481 29240 74469 189659
Q_n 3 —1 -3 8 -3 —16 30 —1 —75 107 42 —331 354 350
E, 0 1 1 3 8 20 51 130 331 843 2147 5468 13926 35467
E_, 0 —1 2 0 —5 7 3 —22 23 24 —92 67 141 —367
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For all integers n, third-order Pell, Pell-Lucas and modified Pell numbers (using initial conditions in
(1.5)) can be expressed using Binet’s formulas as

_ CYn—O-l Bn+1 ,Yn+1
L P TPy R v e gl e vy
and
Q" :an—’—ﬂn—"_vn:
and
B, — (a—Da" B-vs" . _(=11"

@-Ba— T G-aB- G- -5

respectively.

2 GENERATING FUNCTIONS

Next, we give the ordinary generating function >~ V,,z" of the sequence V.

n=0
Lemma 1. Suppose that fv, (z) = > V,a™ is the ordinary generating function of the generalized
n=0
third-order Pell sequence {V,,}.>0. Then, ioj V2™ is given by
n=0

oo

ZV n7V0+(V1—2Vo)CE+(V2—2V1—V0)x2
W T = .
1—2x— a2 — 23

(2.1)

n=0

Proof. Using the definition of generalized third-order Pell numbers, and substracting 22 Y7 | Vaa™,
2?3020 Vax™ and 2° 3000 Viz™ from 3°°° ) Vi,2™ we obtain

(1—-2x— % — xs) i Vo = i V" — 2x i Vox" — 2 i Voz™ — 2° i Vo™

n=0 n=0 n=0 n=0 n=0

(e o) o0 o0 oo

= Z Vopx" — 2 Z Vo™ T — Z V"2 — Z Vyz" 3
n=0 n=0 n=0 n=0
o0 o0 oo oo

= > Var" =2) Vioaa" = Vaeox" =) Viosa"
=0 n=1 n=2 n=3

= (Vo + Viz + Vez?) — 2(Vox + Viz®) — Voo

[e9]

+ Z(Vn - 2Vn71 - Vn72 - Vn73)xn

n=3
= Vo+ Viz + Voz® — 2Vox — 2Vi2® — Voa®
= Vo+ (Vi —2Vo)z + (Vo — 2Vi — Vo).
Rearranging above equation, we obtain

n Vo+ (Vi =2z + (Vo — 2Vi — Vp)a?
E Vox" = - .
1—2z—22%2—23

n=0

The previous Lemma gives the following results as particular examples.
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Corollary 2. Generated functions of third-order Pell, Pell-Lucas and modified Pell numbers are

x
Pnn:—.7
Z v 1—2z—22%2—123

n=0

and
> n 3— 4z — 22
Zan T 1—2r— a2 — a3’
n=0

and

oo 2
5t -
nl = ———F-—
1—2z — 22 — 23’
n=0

respectively.

3 OBTAINING BINET FORMULA FROM GENERATING FUNCTION

We next find Binet formula of generalized third order Pell numbers {V,,} by the use of generating
function for V,.

Theorem 3. (Binet formula of generalized third order Pell numbers)

dloc” dgﬁn d3’yn
Vin = + + 3.1
@=Ba-n T E-0B-7 " - -p 3.1)
where
di = Vool + (Vi —2Vo)a+ (Vo — 2V1 — Vp),
do = VoB>+ (Vi —2W0)B + (Vo — 2Vi — Vh),
ds = Vo’ + (Vi —2Vo)y+ (Vo —2Vi — Vo).
Proof. Let

h(z) =1—2z — 2 — 2®

Then for some «, 8 and v we write

h(z) = (1 - az)(1 - Ba)(1 - ya)

i.e.,
1-2z—2°—2° = (1 —az)(1 — Bz)(1 — ~z) (3.2)
Hence %, %, ve % are the roots of h(x). This gives «, 8, and v as the roots of
1 2 1 1
M=l =m0

This implies z* — 22% — z — 1 = 0. Now, by (2.1) and (3.2), it follows that

) xn_V0+(V172‘/0)x+(‘/2,2‘/17v0)$2
;Vn = (1—az)(1 - Bz)(1 —vz)

Then we write

Vo4 (Vi —2Vo)z + (Vo — 2Vi — Vp)z®  As Ay As
(1 —az)(1 - Bz)(1 — yz) “U—an) T (0=80) T U=r2) (3-3)
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So

Vo4 (Vi —2Vo)z+ (Vo —2Vi = Vo)a® = A1 (1—Bz)(1 —yz) + Az (1 —ax) (1 —yz) + As(1 —ax) (1 — Bz).
If we consider z = 1, we get Vo + (Vi — 2Vo) L + (Vo — 2V4 — Vo) & = Au(1 — £)(1 — 2). This gives
(Vo + (Vi —2W0) 5 + (V2 = 2Vi = Vo) gz) _ Voo + (Vi — 2Vo)a + (Ve — 2Vi — Vo)

A= (@)@ (@ A)a—7)

Similarly, we obtain

~ VoB2+ (Vi —2Vp)B + (Vo — 2Vi — Vp)
B B=a)(B—=7)

Thus (3.3) can be written as

_ Vo> + (Vi = 2Vo)y + (Vo — 2Vi — )

A2 (- ) - B)

7A3

Z Voz" = A1(1 —ax) " 4 Ax(1 — Bz) " + As(1 —~ya) "
n=0

This gives
Z ann _ Al Z " + AQ Zﬁﬂxn + A3 7n{£n _ Z(Alan + AQ/BTL + A3’Y7L)CC".
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A1a™ + A28™ + A"
where

A = Vool + (Vi — 2Vo)a + (Vo — 2V4 — Vo)

(a=B)a—-7)
A, VoB® + (Vi — 2Vo)B + (Vo — 2Vi — Vp)
B=a)(B=")
A Vo’ + (Vi — 2Vo)y + (Va — 2V1 — Vo)
3 .
(vy—a)(y—8)
and then we get (3.1).
Note that from (1.5) and (3.1) we have
Va— (B+ Vit BVo = Voo + (Vi — 2Vo)a+ (V2 — 2V — Vo),
Vo= (a+)Vi+onVo = VoB®+ (Vi —2V0)B + (Vo — 2Vi — V),
Vo—(a+BVi+afVo = Voy’ + (Vi —2Vo)y + (Vo — 2Vi — V).

Next, using Theorem 3, we present the Binet formulas of third-order Pell, Pell-Lucas and modified
Pell sequences.

Corollary 4. Binet formulas of third-order Pell, Pell-Lucas and modified Pell sequences are
an+1 ﬁn+1 7n+1

Ll Py L G S (B Sl v oy

and
Qn=20a"+p"+7",
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and
(a=Da" __ (F-1F" (=1
(@a=B)a=7)  B-a)B-7) ((—-a)y=0)

respectively. Note that Binet formula of generalized third order Pell numbers can be represented as

B adia™ Bd2B" ydzy™
20242043 2B82428+3 292 4+2y+3

E, =

Va

(3.4)

which can be derived from a result ((4.20) in page 25) of Hanusa [27]. When we compare (3.1) and
(3.4), we see the following identities:

1 - o
(a=pB)a=7v)  2a>+2a+3’
1 _ B
B-a)B—7)  282+28+3
1 _ v
(y—a)(v=8) 292 +2y+3

Using the above identities, we can give the Binet formulas of third-order Pell, Pell-Lucas and modified
Pell sequences in the following form: Binet formulas of third-order Pell, Pell-Lucas and modified Pell
sequences are

n+2 n+2 n+2
" 22 +200+3 ' 262428+3 " 292 4+2y+3’
and
n=a 4+ B 9",
and

_ (a=Da™ (B (= 1)y
20242043 2824268+3 29242y +3°

respectively.

We can find Binet formulas by using matrix method which is given in [12]. Take k = ¢ = 3 in Corollary
3.1in[12]. Let

|

Then the Binet formula for third-order Pell numbers is

3
1 1
Pn = det(A) JEZI P4_j det(A]-) = X(PB det(Al) —+ P2 det(Ag) =+ P1 det(Ag))
1
= A 2 A A
den(h) (5det(A1) + 2det(A2) + det(As))
ot a1 a2 ot o1 o> a ot o a 1
— 5 Bn—l /B 1 + 2 /32 /Bn—l 1 + ,82 B /Bn—l / 62 6 1
Uy R | ¥ oy oyl
an+1 ﬁn-&-l ,Yn+1

@-Ba-  B-a)B-7 G-a0 -8
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Similarly, we obtain the Binet formula for third-order Pell-Lucas and modified third-order Pell numbers

as
Qn = KQBdet (A1) + Q2 det(A2) + Q1 det(As))
1 R | o a a7 of a1
6”1 L6 82 gt o1 w28 o gt )] 2 B0
1 7ol oy 7oyl
_ 7L+/37L+ n
and
1
En = 5 (Bsdet(Ar) + Bz det(Az) + By det(As))
anil a 1 Ot2 an—l 1 a2 e} a"*l a2 a 1
o R b AN b ES A | K R
Ty 7ol oo o

(o —1)a" n (B-1)p" n (v =D1y"
(@=B)a=7) B-a)B-7) G-a)(-5)

respectively.

4 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F’, }, namely,
Fn+1Fn71 - F'r% = (_1)7L

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form

Fn anl - (_1) '

The following Theorem gives generalization of this result to the generalized third-order Pell sequence
{‘/n}nzo-

’ Fn+1 Fn

Theorem 5. [Simson Formula of Generalized Third-Order Pell Numbers] For all integers n, we have

Vn+2 Vn+1 Vn ‘/2 Vl VO
Vn+1 Vi Vi1 = W Vo V_1 (4.1)
‘/n Vn—l Vn—2 ‘/O V_1 V_2

Proof. (4.1) is given in Soykan [28].

The previous Theorem gives the following results as particular examples.
Corollary 6. Simson formula of third-order Pell, Pell-Lucas and modified Pell numbers are given as

Poy2 Pat1 P,
Pn+1 Pn Pnfl
Pn Pn—l Pn—2
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and
Qn+2 Qn+1 Qn
QnJrl Qn anl = —87:
Qn anl Qn72
and

En+2 En+1 En
En+ 1 En Enf 1 = _37
En En— 1 En— 2
respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of third order Pell, third order Pell-Lucas and modified third
order Pell numbers. First, we can give a few basic relations between {P,} and {Q.}.

Lemma 7. The following equalities are true:
Qn = 8Ppys—19P,43 — 3Pu42,

Qn = —3Puis+5Puis+8Pusi, (5.1)
Qn = —Pays+5Pu1— 3P, (5.2)
Qn = 8Pui1— APy — Po_1, (5.3)
Qn = 2P, +2P,_1+3P,_2, (5.4)
and
87Py = 2Quia — 18Quis + 37Qur2, (5.5)
87P, = —14Qn+3+ 39Qn+2 +2Qn+1, (5.6)
8TP, = 11Qni2 —12Qn+1 — 14Qn, (5.7)
87TP, = 10Qn+1 —3Qn +11Qn 1, (5.8)
87TP, = 17Qn +21Qn-1+ 10Qn—2, (5.9)

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
Qn:axpn+4+bxpn+3+cxpn+2
and solving the system of equations

Qo = axPi+bxPs+cxP
Ql = a><P5+b><P4+c><P3
QQ = a><P6+b><P5+c><P4

we find that a = 8,b = —19, ¢ = —3. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.
Secondly, we present a few basic relations between {P,} and {E,, }.

Lemma 8. The following equalities are true:

En = Pn+3 - 5Pn+2,
En = —4n42 + 2Pn+1 + 2Pn,
En - Pn*Pn—ly

10
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and
3Pn = En+3 - En+2 - 2En+1,
?)Pn = En+2 - En+1 + ETM
SPn = En+1 + 2En + En71~

Thirdly, we give a few basic relations between {Q,,} and {E,.}.

Lemma 9. The following equalities are true:

3Qn = FEnys—4Fni0+10E, 1
3Qn = —2E,i2+11E, 1+ E,
3Qn = TEny1—FEn—2En_1
and
8TE, = —16Qn+3 +57Qn+2 — 35Qn+1

8TE, 25Qn42 — 51Qn4+1 — 16Qn
8TE, = —Qn+1+9Qn +25Qn—1
We now present a few special identities for the modified third order Pell sequence {E,.}.

Theorem 10. (Catalan’s identity) For all integers n and m, the following identity holds

EptmBn—m —Ep = (Pntm — Pogm—1)Pncm — Pnom—1) — (Pn — Pp_1)?
(Pn(Prn - PTVL+1) + Pnfl(_Pm + P'mfZ) + P'n72(_P7n + P'mfl))
(Pn(P_p — Plom) + Ppe1(=P—py + P_y_2) + Pa_o(=P_yy + P_yy_1)) — (Pn — Pp_1)?

Proof. We use the identity
En = Pn - Pn—l
and the identity (7.6).

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified third order Pell
sequnce

Corollary 11. (Cassini’s identity) For all integers numbers n and m, the following identity holds
Eni1Bn1 — B} = (Poy1 — Po)(Pae1 — Pa2) — (Pu — Puo1)’.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using E, = P, —
P,_1.The next theorem presents d’'Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified third
order Pell sequence {E,}.

Theorem 12. Let n and m be any integers. Then the following identities are true:
(a) (d'Ocagne’s identity)
Eni1En — EnEny1 = (Pmt1 — Po)(Pn — Paz1) — (P — Pr—1) (Pag1 — Pr).
(b) (Gelin-Cesaro’s identity)
Ent2Bni1En 1En_2—Ep = (Paya—Poy1)(Pag1—Pn)(Pa1—Pn—2)(Pa—2—Po_3)—(Pn—Pn_1)*
(¢) (Melham’s identity)
Eni1Bni2Bnis — Bz = (Pus1 — Pu)(Pag2 — Pug1)(Puss — Puys) — (Pags — Pag2)’
Proof. Use the identity E,, = P, — Py_1.

11
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6 LINEAR SUMS

The following Theorem presents some formulas of generalized third order Pell numbers.

Theorem 13. For n > 0 we have the following formulas:
(a) (Sum of the generalized third order Pell numbers)

- 1
D Vi =z (Vars = Vaga = 2Vop1 = Va + Vi + 215)
k=0

(b)
- 1
Z Var, = 3 (Vant1 + Van — Vi +2V0)
k=0
(c)
< 1
Z Vart1 = 3 (Vant2 + Vont1 — Vo +2V74).
k=0
Proof.

(a) Using the recurrence relation
Vn - 2Vn71 + Vn72 + Vn73

ie.
Vs =Vn —2Vp_1 — V2
we obtain
Voo = Vz=2Vr,-V;
Vi = Vua-2V3-V;
Voo = Ve—=2V4i-V;
Vs = Ve—-2Vs—-Vy
Vi = Vo2V -V
Vs = Vo —2Vh1 —Vio
Vace = Vg1 =2V, =V,
Vaci = Vago =2V =V,
Vi = Vags —2Viuio — Vg

If we add the above equations by side by, we get

SV = Vaps+Vapa+ Ve —Va—Vi—Vo+ > V)
k=0 k=0

2(Vog2o + Vo1 = Vi = Vo + Z Vi) = (Vag1r — Vo + Z V).
k=0 k=0
Then, solving the above equality we obtain

= 1
D Vi= g (Vars = Voo = 2Voys = Va + Vi +215).
k=0

12
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(b) and (c) Using the recurrence relation

Vn = 2Vn—1 + Vn—2 + Vn—3

i.e.
2Vpo1 =V, = Vo — Vo3
we obtain
2V = WU—-V2—-V;
2Vs = Ve—-Va—-V3
2V = Ve -V — Vs
2V = Vig—Vs—Vz
2Van—1 = Van —Vap—2 —Van_3
2‘/2n+1 = V2n+2 - V2n - V2n—1
2Vonts = Vonga — Vongo — Vongr.

Now, if we add the above equations by side by, we get
2(-Vi+ Z Vart1) = Vangz — Vo — Vo + Z Vo) — (Vo + Z Var) — (—Vang1 + Z Vakt1)-
k=0 k=0 k=0 k=0

Similarly, using the recurrence relation

Vn = 2Vn—1 + Vn—2 + Vn—3

2Vn_1 = Vn - Vn—2 - V’n—3

we write the following obvious equations;

2V = Va—-V1 -V
2Vy = Vs—V3 -V
2Ve = Vi-Vs -V}
2Vs = Vo—-Vr—V5
2Vio = Vii—Vo—1s
2Vi2 = Viz— Vi1 —"Vio
2Vis = Vis —Viz —Vi2
2Van—2 = Vap—1—Vap—3 —Van_y
2Van, = Vapg1 — Van—1 — Van—2
2WVont2 = Vonys — Vant1 — Van.

Now, if we add the above equations by side by, we obtain

2(—=Vo + Z Vor) = (V1 + Z Vart1) — (—Vang1 + Z Vart1) — (=Van + Z Var).
k=0 k=0 k=0 k=0

13
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Then, solving the following system

n n n n
2=Vi+ > Vapg1) = (Vango —Va—Vo+ 3 Vor) = (=Vo+ D Var) = (—=Vang1 + D Vary1),
k=0 k=0 k=0 k=0

n n n n
20-Vo+ > Vor) = (—Vi+ > Vapg1) = (—Vang1 + 3 Varg1) — (=Van + > Vag),
k=0 k=0 k=0 k=0

the required result of (b) and (c) follow.

As special cases of above Theorem, we have the following three Corollaries. First one presents some
summing formulas of third order Pell numbers.

Corollary 14. For n > 0 we have the following formulas:
(@) (Sum of the third order Pell numbers)

- 1
Z Py = 3 (Prnt+3 — Pny2 —2Ppy1 — 1)
k=0

(b) >y o Par = % (Pont1 + Pan — 1)
(©) > i oPort1= % (Pant2 + Pant1) -
Second one presents some summing formulas of third order Pell-Lucas numbers.

Corollary 15. For n > 0 we have the following formulas:
(@) (Sum of the third order Pell-Lucas numbers)

ZQk = é (Qni3 — Qniz2 —2Qn11 +2)
k=0

(b) i Qo = 5 (Qant1 + Qan +4)
() ZZ:O Qa2k41 = % (Q2nt2 + Q2nt1 — 2).

Third one presents some summing formulas of modified third order Pell numbers.

Corollary 16. For n > 0 we have the following formulas:
(a) (Sum of the modified third order Pell numbers)

” 1
Z E, = 3 (Bnt+s — Ent2 — 2Ep41)
k=0

(b) ZZ:() Eap = % (E2n+1 + Eop — 1)
(c) ZZ:O Espyr = % (Font+2 + Font1+1).

7 MATRICES RELATED WITH GENERALIZED THIRD-ORDER PELL
NUMBERS

Matrix formulation of W,, can be given as
W2 ros t\" Wa
Worr | =1 0 0 wi . (7.1)
Whn 01 0 Wo

14
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For matrix formulation (7.1), see [29]. In fact, Kalman give the formula in the following form

Wi 01 0\"/ Wy
Wasr | =1 0 0 1 wy .
W2 r s t Wa

We define the square matrix A of order 3 as:

such that det M = 1. From (1.4) we have

n+2 2
Vn+1 1
0

hav

and from (7.1) (or using (7.2) and induction) we have

n+2 2 1
Vn+1 1
0
If we take V' = P in (7.2) we have
n+2 2 1 1 Pn+l
n+1 1 0 0 Pn . (73)
01 0 Pn_1
Pn+1 Pn + Pn—l Pn
Bn: Pn Pnfl‘i’Pan Pnfl
Pnfl Pn72 + Pn73 P’n72

Vi1 Vi + Vo Vi
Cn = Va Va1 +Vaee Vi

11 Vi1
00 Va (7.2)
1 0 Va-1

= O
S O =
~

3
/-~
SIS
~

We also define

and

Voci Vo + Vs Vio
Theorem 17. For all integer m,n > 0, we have
(@) B, =A"
(b) C1A™ = A™C4
(€) Croim =CnBm = BynCh.
Proof.

(a) By expanding the vectors on the both sides of (7.3) to 3-colums and multiplying the obtained on
the right-hand side by A, we get
B, = Aanl-

By induction argument, from the last equation, we obtain
B, = A""'B.

But B; = A. It follows that B,, = A".
(b) Using (a) and definition of C4, (b) follows.

15
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(c) We have

2 1 1 Va Vaci4+Vace Vo
Acn—l = 1 0 0 Vn71 Vn—Q + Vn—3 Vn72
0 1 0 ‘/7L72 ‘/n73 + Vn74 ‘/n73

Vn+1 Vn + anl Vn
- Vn anl + ‘/n72 anl - Cn
Vn—l Vn—Q + Vn—3 Vn—2

i.e. Cn, = AC,,_,. From the last equation, using induction we obtain C,, = A"~ 'C;. Now
Crgm = AT 1CL = AVTTA™CL = AV 'CLA™ = CBn

and similarly
Cn+m = Ban

Some properties of matrix A™ can be given as

AnzzAn—l+An—2+Arz—3

and
An+m — AnAm — AmAn
and
det(A™) =1

for all integer m and n.
Theorem 18. For m,n > 0 we have

‘/’IL+77L = ‘/’ILPW+1 + ‘/nfl(P'm + P7n71) + ‘/7L72P‘"L (74)

- Van+1 + (anl + Vn72) P’m + anlp’mfl- (75)

Proof. From the equation Cy, 4+, = Cy, B, = B, C, we see that an element of C,, 1., is the product
of row C,, and a column B,,,. From the last equation we say that an element of C,,,, is the product
of arow C,, and column B,,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices Crt» and C,, B,,. This completes the proof.

Remark 19. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all integers
m,n, (7.4) is true.

Corollary 20. For all integers m, n, we have

Pn+m = Pan+1+Pn71(Pm+mel)+Pn72Pm (76)
Qn+m == Qan+1 + anl(Pm + mel) + Qn72pm (77)
E”H-m = Ean+1 + En—l(Pm + Pm—l) + En—ZPm (78)

8 CONCLUSION

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as physics, engineering,
architecture, nature and art. We introduce the generalized third order Pell sequences and we present
Binet's formulas, generating functions, Simson formulas, the summation formulas, some identities
and matrices for these sequences.
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